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Abstract

Three bivariate generalizations of the PoissoN binomisl distribution are introduced. The prob-
abilities, moments, conditional distributions and regression functions for these distributions are
obtained in terms of bipartitional polynomials. Recurrences for the probabilities and moments
are also given. Parameter estimators are derived uging the methods of moments and zero frequen-
cies and the three distributions are fitted to some ecological data.
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1. Introduction

The univariate PoissoN binomial distribution was introduced by SExrLLAM (1952)
and it has found an increasing number of applications since MCGUIRE et al. (1957)
used the distribution to represent variation in numbers of corn-borer larvae in a
randomly chosen ares.

Because of its close relation with the NrymaN type A distribution and its wide
applicability, the PoissoN binomial distribution has attracted the attention of
several authors (see for example, SPrOTT (1958), SRuUMWAY and GURLAND (19603),
(1960b), KarTI and GURLAND (1962), MarTIN and KaTTI (1965), GURLAND (1965),
Hinz and GURLAND (1967), (1970), CHARALAMEBIDES (19778)).

Bivariate NRYMAN type A distributions were introduced by HorecaTe (1966)
by considering bivariate versions of the well-known model ‘‘egg masses and lar-
vae”. GoraNags (1974) and TALWALKER (1975) suggested that bivariate NEymaN
type A distributions or alternative models developed under similar assumptions
msy have applications in ecology, health gervices and toxicology.

In the present paper bivariate PoissoN binomial distributions are introduced
and various properties are studied including conditional distributions and regres-
sion functions.

Parameter estimators are derived using the methods of moments and zero
frequencies (ZF) and for comparison purposes the Porssox binomial distribu-
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tions are fitted to the same set of botanical data, describing the numbers of
plants of species Lacistema aggregatum and Protium gujanense in each of 100
quadrats of land, used by HOLGATE to illustrate the bivariate NEYMAN type A
models.

2. Definitions and preliminary results

The probability generating function (p.g.f.) of a univariate Porsson distribution
is given by

(2.1) Fity=exp {A(t—1)}, A>0
and the p.g.f. of a bivariate Poisson distribution is given by
(2.2) F(ty, t)) =exp {A (£ —1)+4; (b— 1) +4g (E2— 1)}, 4;>0,

i=1,2, }.12>0.

With these distributions as primary we introduce the following three types of
bivariate PoissoN binomial distributions.

Type I: If the variable t in (2.1) is replaced by the p:g.f. of a bivariate binomial
variable (Z,, Z,):

glu, v)= 3 3, p(r, 8) u'v* = (poo+ P1o% + Pos¥ + Py suv)"
where

p(r, 8)=P(Zy=r,2y=3), poo+Pio+Po+pu=1, 0<p;<1,
the resulting p.g.f.
(2.3) Glu, v)=exp [A {(Doo+ Pyt + Port + Py uv)" —1}]

defines a bivariate distribution which we call bivariate PorssoN binomial distri-
bution of type 1.

Type IL: If the variables ¢, and ¢, in (2.2) are replaced by the p.g.f’s of two in-
dependent binomial variables W,, W,:
gi(m)= Zpd)u =g +p)”, i=1,2 g=1-p, pir)=P(W,=1)
the resulting p.g.f.
(2.4) H(u, v)=exp [y {(gs+pa)™ — 1} +4; {(gs+ps0) " — 1}
+Ap {(gs+ ) (g2t p0) *—1}]

defines a bivariate distribution which we call bivariate PoissoN binomial distri-
bution of type II.

Type III: If the variable ¢ in (2.1) is replaced by the p.g.f. g(u) =(q+pu)” the
resulting p.g.f. G(u)=exp [A{(¢+pu)"—1}] defines the well known univariate
PoissoN binomial distribution. Let X,=X{+ X, X,=X;+ X where X}, X;, X are
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independent univariate PoissoN binomial r.v’s with 4,, 4, and 4,, the parameters
of the PoIsson distribution respectively and =, p the parameters of the binomial
distribution. Then the p.g.f. of (X, X,) is given by

(2.5) L(u, v)=exp [A1{(g+pu)" — 1} + 2, {{g+pv)" — 1} + A5 {(g + puo)* —1}] .

This p.g.f. defines a bivariate distribution which we call bivariate Poissox bi-
nomial distribution of type III.

To visualize the first two types of bivariate PoissoN binomial distributions
in ecological situations let X, and X, denote the numbers of two different kinds
of individuals occurring in a quadrat of land. The individuals are considered as
arising from independent clusters, the number of clusters being itself a univariate
random variable Y (in case of clusters of only one type) or a bivariate random va-
riable (Y4, ¥,) (in case of clusters of two types).

Assume that each cluster gives rise to individuals of two kinds and let Z,, Z,
denote the number of individuals of each kind.

(i) If (Z,, Z,) follows a bivariate binomial, and Y follows a univariate Poissox,
then (X, X,) follows a bivariate PorssoN binomial distribution of type I.

(i) If Z, and Z, are independent univariate binomial r.v’s and (Y, Y,) is &
bivariate Porsson, then (X,, X,) has a bivariate PorssoN binomial distribution
of type IIL

In type I1I, the contribution to (X,, X,) from the variable X can be considered
as arising from a distinct type of cluster, which gives rise to equal numbers of
individuals of the two kinds (cf. HOLGATE, 1966).

The p.g.f’s (2.3), (2.4) and (2.5) are all special cases of

(2.6) Q(u, v) =)

Hence the problem of deriving the probabilities and moments of the correspond-
ing distribution is & problem of expanding it into & power series. The coefficients
of this expansion appeared to be a special case of the bipartitional polynomials
introduced and studied by one of the authors (CHARALAMBIDES (1981)). These poly-
nomials denoted by Y,;=Y, (Y01 Y10, Y115 - - - » Ypu) are multivariable poly-
nomials defined by a sum over all partitions of their bipartite indexes (mk),
and have exponential generating function

oo .. m .k
(2.7) E‘b 20 Yo BT = exP {y(u, v) —y(0, 0)}
where
28  yun)=3 T g -
8=0 r=0 r! 8!

Moreover they satisfy the recurrence relation

E m m k
(2-9) Ym,k+i= Z Z (7‘)( )yr,n-iym—r,k—a’ YO,0=1 .

8=0r=0 $
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The corresponding unipartitional polynomials Y, =Y,(z, 2, ..., z,) have
exponential generating function

(2.10) > Y, %,=eXP {z(u)—=(0)}

m=0

where
.- uf
z(u) —'% z -

Since the generating function (2.7) can be written in the form

exp {y(u, v) —y(0, 0)} =exp {yo(v) —yo(0)} - exp { élo Y,(v) % - yo(v)}

where
]

- v
90)=2 Y=, r=0,1,2,...
=0 8!
it follows that

- o*
(2.11) Eo Yoo Y10 Y1t -+ - + > Yoma) F1- OXP {yo(v) —yo(0)}
X Y (2, Zgy o v o s Tpy)
with
z,=y,v), r=1,2,...,m.
For z,=(n), 9, r=1,2,..., m we have z(u)=49 (1 +u)" and therefore
(2.12) Y (1)1 9, (0)2 8, « o . , (0)®))= Cpual®) =2 Clm, k,») 9

where
3, Om, by m)= [+~ 11
m=k k!

Properties and applications of the numbers C(m, k, n) have been discussed by one
of the authors (CHARALAMBIDES, 1976, 1977b).

3. Properties of the distribution

3.1. Probabilities and momendts

The probability function (p.{.), say P(m, k; h)=P(X,=m, X,=k), with p.g.f.
(2.6), on using (2.7), may be obtained as

(3.1) P(m, k; h) =e"(0’°)Ym,k(h01, th’ hli’ e vy h,,,'k)/m k!
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where
- — h(u, v)]
[av ou % =0,0 =0
Similarly the factorial moments M, =E [(X)),(X,),] may be obtained as
(3.2) Minty= Yma(Cots €10 €115 + + + » Comz)
where
a' f
b= 31)' au' h(u’ v)]uni,o-l

From (3.1), (3.2) and using (2.9) we get for the probabilities and moments the fol-
lowing recurrence relations

Z Z "'“ P(m—r,k—s;h)

. P (m, 1;k
(3.3) (m, k+1; b) = k+1 2 2 sl

and

E m k
(3°4) M(m,k-H) =‘§0 '% (7:) (8) cr.l+1M(m—r,k-c) .

3.2. Conditional distributions and regression functions

Summing (3.1) for all ¥ we get on using (2.11) with =1, the marginal p.f. of X
(3.5) P(m;k)=P (X;=m)=e"Y (hy, hy, ..., hy)/m)

where
af
h,=[——-;h(u, 1)] , r=1,2,...,m.
ou 4 =0

Therefore the conditional p.f. of X, given X;=m is given by
Yoilhor By Bygs - - -, Boes)

K\Y,(hys hoy oo, By)
Note that the p.g.f. of (3.6) is given by

_roygy Y(Pe(0), Bo(9), - . ., Bpy(0))
o MO )—R(0,1) T ™ mn
31 Cruz,(v)=e Yol bgr oo B

(3.6) P(k | m; b)=e?@D—h0

where
k,(v):[a—' h(u, v)] , r=1,2,...,m
ou 4=0
and therefore the regression of X, on X,~=m may be obtained as

Y ma(6csiop BsGorsy BiSinys - « -+ » BmCiaim)
E =m]=—=
[X» | X =m] Ym(hi’ ko ..., Pm)

(3.8)
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where
o o

R eCiairy = 20 o

h{u, v)]
u=0
=1
3.3. Bivariate PoissoN binomial distributions
Type 1: The p.g.f. (2.3) of this distribution is of the form (2.6) with
h(u, v) =2 {{Poo+ P10t + Do + P uv)" — 1} .

Hence
hn=}.f ls !P("» s), anll"(r,a) =AE [(Zl)r (Z2)a]
8o that
Pim, k)=e"X1P0Y, (Ap(0, 1), Ap(L, 1), . .., im'k!p(m, k)
M(m,k)z Ym,k(}'/‘(o,()’ 3.“(1,0)» e )':u(m,k))
k m
Pm, k+1)=—— 2 Z (s+1)p(r,s+1) P (m—r, k—5)
k+1 8=0r=0
E m m k
M(m,k+i)=ﬂ' Z Z (r)(s) /‘(r,:+i)M(m—r,k—:) .
#=0r=0
Since

k,(v) = (%), (Poy+P11v)" (Poo+Poi®)" ™
it follows from (2.12) that the p.g.f. (3.7) may be written in the form

L n Y4 +p v m
G x,-m(®) =€xp [2 {(Poo+Poi®)" — (Poo+Po)™}] (—L——“_)
Po1+ P13

% (I’oo +P01v) "™ Cm ((Poo+Pos?]")
Poo+ Pot Conl[Poo+ 20"

Therefore the conditional distribution is & convolution of

(i) Univariate PoissoN binomial
(ii) a binomial
(iii} a mixture of binomials

with weights a combinatorial distribution (in the sence of HARPER (1967);
gee also CHARALAMBIDES (1976)) with p.f.

C(m, k, n) 9
(3.9) p(k;ﬁ,m,n)=%

Using the recurrence relation (see CHARALAMBIDES (1977b))

’ k::Os 1’ 2’ s, M, &=(p00+p01)”’

C(m+1,k n)y=@mk—m)Clm, k,n)+nC (m, k—1,n)
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we get the expectation of (3.9) in the form

m C (#) nd—m
kp(k; &, m, n)=—2342 0 _ .
E:o p( ’ & m n) nCm’,‘(t‘}) n

Summing the expectations of the convolutes we get the regression of X, on X =m
in the form

An m m n
E(X,| X =m)= Po1 + Py Poi Po1
PootPot PoitP1t  PootPor Poo+Pos
C + po4" 7 m
[ miin ([poo Pox]") —(p00+p01)"]+ Por ™
G ([Poo+Pot]") PootPor 7
NPot [Cm+1 u ([Doo+20d™) n
= ' —(poo+Po0)" +2
Poo+ D01 L nCpmn ((Poo+2od]") oL
mPyy )
Doy +P1y

Type II. In this case

h(u, v) =2y {(g1+pw)™ — 1} + A2 {(g2+ps0)" — 1}
+Ag {(gs+pu)™ (g2 + D)™ —1} .
Hence
B ={A1+ 212057} (ny), PGS ", >0, ho,={Ap+A1q7'} (n2)yp292 " >0,

he=2Ag(ny), (ng), pigy DI 18>1.

Cro= (}‘1 +2449) (ny), PI’ r>0, Co= (A2 +4y9) (nZ):p;r $=>0

cn=}'12(ni)f (n9), p!r.p;’ r,8>1.

Introducing these values in (3.1) and (3.2) we get the probabilities and moments
of the distribution. The recurrence relations (3.3) and (3.4) reduce to the following

1 Ert (my)\ (P2
P(m,k+1)=—— (22+]~12q’;’) q’;xz S| P(m,k—s+1)
k+1 s=1 \$ d2
k+1 m r [
W DD ("‘) ("2)3(1—’1) (&) P(m—r,k—s+1)}
s=1r=1 \T € q1 9
and
k n
Eomotm\ [k
+}~12 '2‘_40 rzl (r) (8) (ni)r (n2)c+1 p,i‘P;+‘M(m—r.k—o) .
Since

ko (v) =[A1+ Ags (g2 +030)™] (), PigT
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it follows from (2.12) that the p.g.f. (3.7) reduce to

Gr,x,-m(®) =exp [(A2+A1547") {(g2+P2v)"—1}]
Com, (@3[A1+ 24 (2 +220)]™)

O (€021 +412])

from which we conclude that one of the convolutes is a univariate PoIssoN
binomial.
The regression of X, on X =m is given by
NyPohss  [Comy,n, (7™ [A1+212]) m] .
Ny A1+ A1) L O, (a7 [A1+242))
Type III. The p.g.f. (2.5) is of the form (2.6) with

h(u, v) =4y {(g+pu)" —1}+ 4, {(g+pv)" — 1} + Ay {(g+ puv)" — 1} .
Therefore the p.f. and factorial' moments of this distribution are given by (3.1)
and (3.2) respectively with

ho=(n), Lp'q"™", r=1, hy,=(n), Hp'¢""*, s=1

h,=),r 20p'""", h,=0, r+s, r,s=1.

Co=(A1+1p) (n), P’ =1, co,=(42+2p) (n), ', s=1.

=), 3 (7)1, 54 romt

k=r

X

E (X, | Xi=m)=2Am,pr+

The p.g.f. of the conditional distribution of X, given X,=m may be obtained in
the form
Gr,x, -n(v)=exp [4; {(g+pv)" —~1}]
% Yo (ng" [Ay+24420), . - - (n) " (A4 +2420™))
Con (¢ [A1+21))

Therefore one of the convolutes is again a univariate PorssonN binomial.
The regression of X, on X;=m may be obtained as

mofm—1\ Cp_p 1(2q") Crn(A2g™)
E (X, | Xy=m)=Amp+ ( ) = ' :
Ko | Xi=m)=tmprm 2 \k=1) " G it 2]

4. Estimation

Although various estimation procedures for the univariate PorssoN binomial
distribution have been discussed, attempts to fit this distribution for known ex-
ponent n greater than two have not been made very often, because, apart from
inherent difficulties involved in the fitting procedures, it is frequently the case

that the distribution rapidly approaches the NEYMAN type A distribution as
Increases.
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By analogy to the univariate case, assuming that in bivariate PoissoN binomial
models the exponent(s) n is small and known, moment and zero frequency esti-
mators of the parameters are derived.

4.1. Method of Moments
Let (Z,, Z,) be the marginal means and (s,,,,, 354, ;) the unbiased estimates of
the second order moments. Then moment estimators are simply derived as:
For type I:
(n—1) @ +7]

= — — 1
n (8zlz, +8m —Z4 —.‘1:2)

.k (F—8,)+(n—1) B
P10o= (nl)z

Po1= i + P10

. zy
Pur-—i—Pw-
n

For type 1I:
- 8:;,:,—51
pi_(ni_l)fi '
P 8:;,:,'“'52
p2_(n2—1) Zy’
8
212=——§‘—?T ’
nyMoP1P2
Zy
j‘i" -~ —212s
NP2
x
12-’;"‘27— 12
NP2
For type III:
P 1 [sz,z"*'sz,z, 1]
p_‘n——l x1+2':2 ’

o= T a0
'11:'?%—212 ’
np

Z,

2= A2 -
np
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4.2. Method of Zero Frequencies

It was pointed out by PARAGEORGIOU (1979) that for bivariate discrete distri-
butions parameter estimators can be obtained using the marginal means (Z4, Z,),
the proportion of observations (f,,) in the (0, 0) cell, the proportion of zeros
(fo.) in the X | margin and/or the proportion of zeros (f,) in the X, margin.
Consequently, for the three bivariate Poisson binomial distributions parameter
estimators can be easily derived from the following systems of equations.
For type I:

1 i/n
Prot+Dot+pPy=1-— {I log (fo,0) + 1} ,

(4.1) {1 —pp—pu)"—1}=log (f,),
(4.2) nA (Pro+P1) =2y,
7 (Pos+P11) =2, .
A may be eliminated between equations (4.1) and (4.2) giving the equation
{1 =(Py+p)}"~1 nlog(fy)
Pio+Pu A
which can be solved iteratively for (py+ pys). In particular for n=2

(4.3)

’

2 log (f.)
P10+Pu=—7—0“+2 .
1

For type 11:

M{d=p)" =1} 4+ 2 {(1 =)™ — 1} + 45 {(1 —p)™ (1 —p)™ — 1}
=10g (r0,0) ’
A+2p) {1 —p)" =1} =log (f,) ,
(At 2g) {(1—pl)—1} =log (f,) ,
npy (Ai+4p) =2,
1Py (Aa+ap)) =%, .
For type 11I:

{(1—p)" =1} (A1 + A+ A1) =log (fo,0) ,
{(1=p)* =1} A+ ) =log (f,) ,

np (A1+44) =2y,

np (A +Ay) =25 .

4.3. An Illustrative Example

For comparison purposes the PorssoN binomial distributions are fitted to the
same set of botanical data used by HoLcATE. The exponent(s) is assumed known
and equal to two. In this case the recurrences for the probabilities are simplified
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and given by:
For type I

21 ,
P(m»k+1)=m{P01PooP(m, k)+p5 P (m, k—1)

+(P10Po1+P11Poo) P (m—1, k)
+p1p1of (m—2, k)4 2pyyposP (m—1, k—1)
+p} P (m—2,k—1)}.

A similar expression for P (m+1, k) can be obtained.

For type II:
P (m, k+1)=——{ﬂo+lnqx)pzq;»1’(m k) + (A2 + A7) P3P (m, k—1)
+ 221301 P29192 P (m—1, k) + A120poqs P (m— 2, k)
+2445p103¢s P (m—1, k— 1)+ Apyp2p3 P (m—2, k—1)} .
For type III:
P (m, k+1) =2 {}.zqP(m, k)+2,pP (m, k—1)

+212qP (m"-l, k)+112pP ('m—2, k'—l)} .

Tables 1, 2 and 3 give the moments and ZF estimates of the parameters for the
bivariate Poisson binomial distributions.

Table 1

PorssoN binomial

type 1 A P10 Doy Py

Moments 1.1725 0.4614 0.3122 —0.0563(0.00)
ZF 1.3006 0.3564 0.2218 0.0088

The moment negative estimate of p;; was revised to satisfy the inequalities
imposed on the parameter (cf. HorLgaTe, 1966). The revised value is given in
brackets after the original moment estimate.

Table 2

Po1ssoN binomial

type I1 A A A Py P2
Moments 0.4535 2.1955 0.5032 0.4965 0.1112
Z¥ 0.0868 0.4144 1.2139 0.3652 0.1842
Table 3

PoissoN binomial

type 1IT Ay A2 A2 P

Moments 1.2488 0.7450 0.1187 0.3474

VA 0.9855 0.5063 0.3152 0.3652
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Table 4
Bivariate PorssoN binomial distributions fitted to botanical data by the method of moments
z, Z4 observed Type 1 Type 11 Type I11
0 0 34 32.88 30.06 29.74
0 1 12 8.05 12.79 16.84
0 2 4 9.19 9.03 9.25
0 3 5 2.09 3.07 3.44
{0 4 2 1.28 1.27 1.18
1 0 8 5.45 13.80 10.05
1 1 13 12.44 7.37 7.29
1 2 3 4.24 5.52 4.03
1 3 3 3.45 2.17 1.66
{1 4 0 0.92 0.96 0.58
2 0 3 4.21 4.03 4.37
2 1 6 2.87 2.49 3.01
2 2 1 3.50 1.96 2.13
{2 3 2 1.24 0.86 0.94
2 4 0 0.80 0.40 0.38
3 0 1 0.65 0.88 1.09
3 1 1 1.58 0.62 0.85
3 2 0 0.84 0.51 0.63
3 3 1 0.73 0.25 0.31
3 4 0 0.25 0.12 0.13
z,=4 z =4 0 1.60 0.57 1.09
=5 1 1.73 1.27 0.99
22 ~ 17.31 18.16 15.36
D.F. — 8 7 8
Table 6
Bivariate Po1ssoN binomial distributions fitted to botanical data by the method of ZF
zy x4 observed Type I Type 11 Type III
0 0 34 34.00 34.00 34.00
0 1 12 13.02 14.10 15.54
0 2 4 8.11 6.98 8.02
0 3 5 2.47 2.09 2.58
{0 4 2 0.91 0.63 0.82
1 0 8 8.10 9.23 7.98
1 1 13 10.42 9.58 8.62
1 2 3 5.01 5.94 4.15
1 3 3 2.44 2.43 1.78
{1 4 0 0.81 0.86 0.57
2 0 3 3.14 2.30 3.23
2 1 6 3.12 3.16 2.64
2 2 1 2.34 2.51 3.09
{2 3 -2 1.07 1.34 1.34
2 4 0 0.45 0.57 0.59
3 0 1 0.60 0.40 0.61
3 1 1 0.94 0.73 0.75
3 2 0 0.67 0.72 0.78
3 3 1 0.38 0.47 0.58
3 4 0 0.16 0.24 0.25
Z,=4 =4 0 0.82 0.68 1.05
2 =5 1 1.02 1.02 1.02
22 - 10.48 14.42 14.70
D.F. - 8 7 8
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Tables 4 and 5 show the observed and expected values when the distributions
are fitted by the methods of moments and ZF. Values of y2 were computed after
the grouping of cells indicated in the table (same groups used by HoLGATE).

4.4. Discussion and Conclusions

Although the bivariate Porsson binomial distributions were not fitted satisfac-
torily by the method of moments, ZF estimators provided an acceptable fit for all
three types. Moreover, the y2 value for the Porsson binomial type I fitting based
on ZF was smaller than the corresponding 2 values for the NEYMAN A type I
fitting, based on moments, maximum likelihood or minimum chi-square, as
calculated by Gmrings (1974).

Concluding, the bivariate PorssoN binomial distributions can be regarded as
the natural complement to the bivariate NEYMAN type A distributions and a
useful alternative in studying bivariate discrete data.

Zusammenfassung

Es werden drei zweidimensionale Verallgemeinerungen der Poissonschen binomialen Verteilung
eingefiihrt. Die Wahrscheinlichkeiten, Momente, bedingten Verteilungen und Regressionsfunk-
tionen werden als Polynomterme angegeben sowie auch rekursive Relationen fiir die Wahrschein-
lichkeiten und Momente erhalten. Mit Hilfe der Momentenmethode und der Nullfrequenzen
werden Schitzfunktionen fiir die Parameter errechnet. Alle drei Verteilungen werden bestimmten
8kologischen Daten angepaBt.
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