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MpeuzianoÐ èlegqoi upojèsewn se diakrit� kai kathgorik� dedomèna

0.1 EuqaristÐec - Afier¸seic

Ta Majhmatik�, kai kat' epèktash h Statistik , eÐnai mia magik  epist mh.
O k�je ereunht c pollèc forèc asqoleÐtai me di�forouc tomeÐc thc epist mhc,
mèqri na èrjei h stigm  pou ja katafèrei na touc susqetÐsei kai na katal�bei ti
sumbaÐnei kai giatÐ sumbaÐnei. EkeÐ krÔbetai h mageÐa kai h omorfi� touc!

Sto shmeÐo autì ja  jela na euqarist sw ton kajhght  mou k. NtzoÔfra,
pou apì to pr¸to ètoc twn proptuqiak¸n mou spoud¸n mou dÐdaxe thn mageÐa
twn pijanot twn. Akìma na ton euqarist sw gia thn polÔtimh kajod ghsh kai
upost rix  tou mèqri to pèrac aut c thc ergasÐac.

H paroÔsa diplwmatik  ergasÐa eÐnai afierwmènh sthn giagi� kai ston pappoÔ
mou. Tèloc, na euqarist sw ton fÐlo mou Benèdikto pou me mÔhse sthn tèqnh
tou LATEX, ¸ste na èqete t¸ra sta qèria sac autì to komyì apotèlesma!
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Kef�laio 1

Eisagwg  sthn Statistik  kat�
Bayes

1.1 Mpeuzian  sumperasmatologÐa

H jemeli¸dhc diafor� thc Klassik c me thn Mpeuzian  statistik , ègkeitai
sto gegonìc ìti h deÔterh jewreÐ thn par�metro θ wc tuqaÐa metablht  pou
akoloujeÐ k�poia katanom  kai ìqi wc �gnwsth kai stajer  posìthta thn opoÐa
prèpei na upologÐsoume. H katanom  aut  kaleÐtai ek twn protèrwn katanom 
pijanìthtac f(θ) (prior probability distribution) kai ekfr�zei thn ek twn pro-
tèrwn gn¸sh kai pepoÐjhsh mac gia thn par�metro, prÐn l�boume upìyhn ta
dedomèna yyy. 'Etsi h sumperasmatologÐa den prokÔptei mìno apì thn melèth twn
dedomènwn, dhlad  thn pijanof�neia f(yyy|θ), all� telik� apì thn sun�rthsh
pijanìthtac thc katanom c thc paramètrou dojèntoc twn dedomènwn f(θ|yyy), h
opoÐa kaleÐtai ek twn ustèrwn katanom  (posterior distribution).

O upologismìc thc dÐnetai apì ton tÔpo:

f(θ|yyy) =
f(θ)f(yyy|θ)∑

θi∈Θ f(θi)f(yyy|θi)

pou apoteleÐ to je¸rhma tou Bayes.

'Otan h par�metroc θ eÐnai suneq c, tìte h stajer� kanonikopoÐhshc
∑

θi∈Θ f(θi)f(yyy|θi) antikajÐstatai apì ton ìro
∫

θi∈Θ f(θ)f(yyy|θ)dθ.

1
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H stajer� kanonikopoÐhshc eÐnai mia sun�rthsh mìno twn dedomènwn yyy kai den
exart�tai kajìlou apì thn par�metro θ. Gia ton lìgo autì suqn� sthn biblio-
grafÐa to je¸rhma tou Bayes parousi�zetai wc :

f(θ|yyy) ∝ f(θ)f(yyy|θ)

dhlad  h ek twn ustèrwn katanom  eÐnai an�logh thc ek twn protèrwn katanom c
pollaplasiazìmenhc me thn sun�rthsh pijanof�neiac.

Par�deigma Poisson

'Estw y1, ..., yn eÐnai tuqaÐo deÐgma apì thn Poisson katanom  me sun�rthsh
pijanof�neiac

L(θ|yyy) =
e−nθθ

∑
yi

∏n
i=1 yi!

∝ e−nθθ
∑

yi , i = 1, . . . , n

kai me ek twn protèrwn katanom  thn:

f(θ) = e−θ, θ > 0

Efarmìzontac to je¸rhma tou Bayes paÐrnoume

f(θ|yyy) ∝ f(θ)L(θ|yyy)

∝ e−θ e
−nθθΣyi

∏n
i=1 yi!

∝ e−(n+1)θθΣyi+1−1

'Ara
f(θ|yyy) ∼ Gamma(Σyi + 1, n + 1)

1.2 Ek twn protèrwn katanomèc

H epilog  thc ek twn protèrwn katanom c prèpei na gÐnetai me polÔ proso-
q  diìti kajist� thn an�lush upokeimenik  (subjective Bayesian analysis).
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Diaforetik  ek twn protèrwn katanom  odhgeÐ se diaforetik� apotelèsmata.
Wstìso mia {logik } ek twn protèrwn katanom  q�nei thn epÐdrash thc kaj¸c
sugkentr¸nontai ìlo kai perissìtera dedomèna.

H epilog  tou kat�llhlou tÔpou thc ek twn protèrwn katanom c eÐnai mia
dÔskolh apostol . Tupik� autèc oi katanomèc prosdiorÐzontai basizìmenec sthn
plhroforÐa pou susswreÔetai apì prohgoÔmenec melètec   apì gn¸mec eidik¸n.
Sun jwc dialègoume katanomèc pou aplopoioÔn touc upologismoÔc oi opoÐec
ìmwc periorÐzoun thn epilog  thc f(θ) se k�poia apì tic gnwstèc oikogèneiec
katanom¸n. Se pollèc peript¸seic h diajèsimh ek twn protèrwn plhroforÐa eÐ-
nai periorismènh. Sthn perÐptwsh aut  epijumoÔme h plhroforÐa pou proèrqetai
apì ta dedomèna, na kuriarq sei ston telikì upologismì thc ek twn ustèrwn
katanom c.

Genik� oi katanomèc diakrÐnontai se dÔo meg�lec kathgorÐec, tic plhroforiakèc
(informative) kai tic mh-plhroforiakèc (non-informative). Pèra ìmwc apì aut 
thn diaforopoÐhsh up�rqoun di�forec kathgorÐec ek twn protèrwn katanom¸n.

Merikèc apì tic kathgorÐec ek twn protèrwn katanom¸n eÐnai oi akìloujec:

• SuzugeÐc katanomèc (Conjugate Priors)

• H mh plhroforiak  ek twn protèrwn tou Jeffrey (Jeffreys Prior)

• Upèr ek twn protèrwn katanomèc (Hyperpriors)

• Ek twn protèrwn katanomèc basismènec se dun�meic thc pijanof�neiac
(Power Priors)

1.2.1 SuzugeÐc katanomèc

H duskolÐa ston upologismì thc stajer�c kanonikopoÐhshc ston tÔpo tou
Bayes od ghse sthn qr sh twn suzug¸n katanom¸n.
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Orismìc suzugÐac

E�n z eÐnai mia oikogèneia katanom¸n f(y|θ) kai P eÐnai mia oikogèneia ek twn
protèrwn katanom¸n gia to θ, tìte h kathgorÐa P eÐnai suzug c gia thn z e�n

f(θ|y) ∈ P ∀ { f(.|θ) ∈ z kai f(.) ∈ P }.

Em�c mac endiafèroun oi fusikèc (natural) suzugeÐc ek twn protèrwn oikogèneiec
pou prokÔptoun orÐzontac to P na eÐnai to sÔnolo ìlwn twn puknot twn me ton
Ðdio sunarthsiakì tÔpo pijanof�neiac (Gelman et al. 1995, sel. 37)[23].

Oi suzugeÐc ek twn protèrwn katanomèc paÐzoun shmantikì rìlo sthn Mpeuzian 
sumperasmatologÐa, afoÔ eÐnai epijumhtì na èqoume ek twn ustèrwn katanomèc
me thn Ðdia sunarthsiak  morf  kai parìmoiec idiìthtec me thn ek twn protèrwn.
Oi suzugeÐc suqn� èqoun epijumht� qarakthristik� shmantik� gia thn ermhneÐa,
thn an�lush dedomènwn kai touc upologismoÔc, anafèroun oi Chen kai Ibrahim

(2003)[15], kai suneqÐzoun lègontac ìti oi suzugeÐc eÐnai aplèc kai �mesec sthn
kataskeu  gia poll� montèla upì thn proôpìjesh ìti to deÐgma pou parathroÔme
proèrqetai apì anex�rthtec kai isìnomec tuqaÐec metablhtèc. EÐnai gnwstì ìti
suzugeÐc katanomèc eÐnai diajèsimec gia thn ekjetik  oikogèneia. SunduasmoÐ pi-
janof�neiac - ek twn protèrwn katanom¸n perilamb�noun tic kanonik -kanonik ,
binomial-beta, Poisson-gamma kai gamma-gamma. Oi Diaconis & Ylvisak-

er (1979)[19], kai Morris (1982, 1983)[42],[43] exètasan genikèc kathgorÐec
suzhg¸n ek twn protèrwn katanom¸n gia montèla ekjetik c oikogèneiac. O
Morris (1983)[43] èdeixe ìti katanomèc pou an koun sthn ekjetik  oikogèneia
èqoun fusikèc suzugeÐc ek twn protèrwn katanomèc.

Par�deigma Poisson

'Estw y1, ..., yn eÐnai tuqaÐo deÐgma apì thn Poisson katanom  me ek twn protèrwn
katanom  mia Gamma(p, q) :

f(θ) =
qp

Γ(p)
θp−1 exp{−qθ}
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Efarmìzoume to je¸rhma tou Bayes

f(θ|yyy) ∝ f(θ)L(θ|yyy)

∝ θ(p+
∑

yi−1) exp{−(q + n)θ}

≡ Gamma(p + Σyi, q + n)

pou den eÐnai �llh apì mia Gamma me paramètrouc pou exart¸ntai apì ta de-
domèna. Apì thn ek twn ustèrwn katanom  èqoume

E(θ|yyy) =
p +

∑
yi

q + n

=
q

(q + n)

p

q
+

n

(q + n)
y

= (1− w)E(θ) + wy

pou eÐnai ènac stajmismènoc mèsoc tou ek twn protèrwn mèsou kai tou deigmatikoÔ
mèsou. 'Opou w = n

q+n , opìte kaj¸c n →∞ to w → 1 kai �ra E(θ|y) → y

V (θ|yyy) =
p +

∑
yi

(q + n)2

=
q2

(q + n)2

p

q2 +
n2

(q + n)2

∑
yi

n2

= (1− w)2V (θ) + w2
∑

yi

n2

'Opou w = n
q+n .
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Par�deigma Binomial

'Estw y1, ..., yn eÐnai tuqaÐo deÐgma apì thn Binomial(Ni, θ).

f(yyy|θ) =
n∏

i=1

(
Ni

yi

)
θ

∑
yi(1− θ)N−∑

yi

ìpou N =
∑n

i=1 Ni.

ParametropoioÔme thn ek twn protèrwn katanom  epilègontac mia Beta katanom .

f(θ) ∝ θp−1(1− θ)q−1

H ek twn ustèrwn katanom  pou prokÔptei eÐnai epÐshc mia Beta:

f(θ|yyy) ∝ θ
∑

yi(1− θ)N−∑
yiθp−1(1− θ)q−1

= θ
∑

yi+p−1(1− θ)N−∑
yi+q−1

≡ Beta
(
p +

∑
yi, q + N −

∑
yi

)

Apì thn ek twn ustèrwn katanom  èqoume

E(θ|yyy) =
p +

∑
yi

p + q + N

=
p + q

(p + q + N)

p

(p + q)
+

N

(p + q + N)

∑
yi

N

= (1− w)E(θ) + wθ̂

pou ègkeitai metaxÔ thc deigmatik c analogÐac E(yyy) =
∑

yi

N = θ̂ kai tou ek twn
protèrwn mèsou E(θ) = p

p+q , ìpou w = N
(p+q+N) .

V (θ|yyy) =
(p +

∑
yi)(q + N −∑

yi)

(p + q + N)2(p + q + N + 1)
=

E(θ|yyy)[1− E(θ|yyy)]

p + q + N + 1

Gia dojèn p kai q, kaj¸c ta
∑

yi kai N−∑
yi megal¸noun, èqoume E(θ|yyy) → θ̂
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kai V (θ|yyy) → θ̂(1−θ̂)
N . Dhl�dh oriak� oi par�metroi thc ek twn protèrwn den

èqoun kammi� epirro  sthn ek twn ustèrwn katanom  efìson kai oi ek twn
ustèrwn par�metroi sugklÐnoun stouc deigmatikoÔc ektimhtèc (Gelman et al.

1995, sel. 36)[23].

MeÐxeic suzug¸n katanom¸n (Mixtures Conjugate Priors)

Mia suzug c ek twn protèrwn mporeÐ na mhn apeikonÐzei me akrÐbeia thn ek twn
protèrwn gn¸sh mac. 'Etsi èna peperasmèno meÐgma suzug¸n katanom¸n mporoÔn
epÐshc na aplopoi soun touc upologismoÔc.

'Estw ìti èqoume thn f(y|θ) gia thn par�metro θ kai upojètoume èna meÐgma
dÔo ek twn protèrwn katanom¸n.

π(θ) = απ1(θ) + (1− α)π2(θ), 0 ≤ α ≤ 1

ìpou oi π1 kai π2 eÐnai dunatìn na an koun sthn oikogèneia twn suzug¸n katanom¸n
thc f(y|θ). Opìte:

f(θ|y) =
f(y|θ)π1(θ)α + f(y|θ)π2(θ)(1− α)∫

[f(y|θ)π1(θ)α + f(y|θ)π2(θ)(1− α)]dθ

=

f(y|θ)π1(θ)
m1(y) m1(y)α + f(y|θ)π2(θ)

m2(y) m2(y)(1− α)

m1(y)α + m2(y)(1− α)

=
f(y|θ)π1(θ)

m1(y)
W1 +

f(y|θ)π2(θ)

m2(y)
(1−W1)

= f1(θ|y)W1 + f2(θ|y)(1−W1)
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ìpou

m1(y) =

∫
f(y|θ)π1(θ)dθ

m2(y) =

∫
f(y|θ)π2(θ)dθ

W1 =
m1(y)α

m1(y)α + m2(y)(1− α)

Sunep¸c èna meÐgma ek twn protèrwn suzug¸n katanom¸n odhgeÐ se meÐgma ek
twn ustèrwn suzug¸n katanom¸n (Carlin & Louis 1996, sel. 33)[12].

Den prèpei ìmwc na xeqn�me ìti basikìc lìgoc qr shc twn suzug¸n katanom¸n
eÐnai ìti aplousteÔoun touc majhmatikoÔc upologismoÔc kai ìti eÐnai eÔkolo
na ermhneutoÔn ta apotelèsmata. Gi' autì h qr sh touc prèpei na eÐnai prose-
ktik  kai na apofeÔgetai ìtan den ekfr�zoun swst� tic pepoij seic mac. Suqn�
apoteloÔn mia kal  prosèggish, ìmwc gia sÔnjeta montèla h suzugÐa mporeÐ na
mhn eÐnai kan dunat  (Gelman et al. 1995, sel. 37)[23].

1.2.2 H mh plhroforiak  ek twn protèrwn tou Jeffreys

'Otan oi ek twn protèrwn katanomèc den èqoun plhjusmiak  b�sh, dhlad 
ìtan den èqoume epark  ek twn protèrwn plhroforÐa, tìte eÐnai dÔskolo na
kataskeuastoÔn. 'Etsi dhmiourgoÔme ek twn protèrwn katanomèc me mikr  akrÐ-
beia ¸ste na diaful�xoume ìti h ek twn protèrwn ja èqei mhdenik  epÐdrash
ston sqhmatismì thc ek twn ustèrwn katanom c. Autèc oi katanomèc kaloÔ-
ntai epÐpedec (flat)   mh-plhroforiakèc (non-informative). H pio gnwst  mh-
plhroforiak  ek twn protèrwn katanom  eÐnai h omoiìmorfh (Uniform).

DÐnontac ìmwc stic katanomèc autèc mikr  akrÐbeia [ τ = 1
σ2

o
→ 0 sthn perÐptwsh

thc kanonik c katanom c, ìpou µ ∼ N(µo, σ
2
o)] lamb�noume mia ek twn protèrwn

katanom  me diaspor� pou teÐnei sto �peiro, h opoÐa den eÐnai mia swst� ori-
smènh katanom . H katanom  gÐnetai epÐpedh kai to olokl rwma

∫
π(θ)dθ = ∞,

ìpou h π(θ) eÐnai mia mh gn sia (improper) katanom . Wstìso oi mh gn siec
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katanomèc den eÐnai apagoreutikèc sthn Mpeuzian  jewrÐa afoÔ mporoÔn na mac
d¸soun gn siec (proper) ek twn ustèrwn katanomèc. EntoÔtoic ja prèpei na
eÐmaste idiaÐtera prosektikoÐ sthn ermhneÐa twn ek twn ustèrwn pou proèrqo-
ntai apì mh gn siec katanomèc kai p�nta na elègqoume ìti h ek twn ustèrwn
èqei peperasmèno olokl rwma (Gelman et al. 1995, sel. 52-54)[23].

Mia prosèggish pou qrhsimopoieÐtai eurèwc ston kajorismì mh-plhroforiak¸n
mh gn siwn katanom¸n basÐzetai sthn plhroforÐa tou Fisher, kai eishg jhke
apì ton Jeffreys wc lÔsh sto prìblhma ìti h omoiìmorfh den apodÐdei mia sta-
jer  an�lush ìtan oi par�metroi metasqhmatÐzontai.

H ek twn protèrwn katanom  tou Jeffreys orÐzetai wc :

πo(θ) ∝ |I(θ)|1/2

ìpou I(θ) eÐnai h plhroforÐa tou Fisher pou dÐnetai apì ton tÔpo

I(θ) = Ey|θ

[(
d log f(y|θ)

dθ

)2
]

= −Ey|θ

[
d2 log f(y|θ)

dθ2

]

Par�deigma Poisson

'Estw y1, ..., yn eÐnai tuqaÐo deÐgma apì thn Poisson me par�metro λ.

L(λ|yyy) =
n∏

i=1

f(yyy|λ) =
exp{−nλ}λ

∑
yi

∏n
i=1 y!

log L(λ|yyy) = −nλ +
∑

yi log λ + C

d log L(λ|yyy)

dλ
= −n +

∑
yi

λ
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d2 log L(λ|yyy)

dλ2 = −
∑

yi

λ2

I(λ) = −E

[
d2 log L(λ|yyy)

dλ2

]

= E

[∑
yi

λ2

]

=
n

λ

fo(λ) ∝ |I(λ)|1/2 =

√
n√
λ
∝ λ−

1
2

Par�deigma Binomial

'Estw y1, ..., yn eÐnai tuqaÐo deÐgma apì thn Binomial(Ni, θ).

L(θ|yyy) = f(yyy|θ) =
n∏

i=1

(
Ni

yi

)
θ

∑
yi(1− θ)N−∑

yi

ìpou N =
∑n

i=1 Ni.

log L(θ|yyy) =
∑

yi log θ + (N −
∑

yi) log(1− θ) + C

d log L(θ|yyy)

dθ
=

∑
yi

θ
− N −∑

yi

1− θ

d2 log L(θ|yyy)

dθ2 = −
∑

yi

θ2 − N −∑
yi

(1− θ)2

I(θ) = −E

[
d2 log L(θ|yyy)

dθ2

]

=
E(

∑
yi)

θ2 +
N − E(

∑
yi)

(1− θ)2

=
N

θ(1− θ)

fo(θ) ∝ |I(θ)|1/2 = θ−1/2(1− θ)−1/2

h opoÐa eÐnai mia Beta(1
2 ,

1
2) katanom .
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1.2.3 Upèr ek twn protèrwn katanomèc

'Estw ìti èqoume èna deÐgma apì katanom  f(y|θ) kai thn ek twn protèrwn
thc θ, f(θ|φ). 'Omwc to φ den eÐnai gnwstì kai ètsi èqei thn dik  tou ek twn
protèrwn katanom  f(φ). Apì ta parap�nw prokÔptei telik� h ek twn ustèrwn
katanom  h opoÐa dÐnetai apì ton tÔpo (Carlin & Louis 1996, sel. 23)[12].

f(θ|y) =
f(y, θ)

f(y)

=

∫
f(y, θ, φ)dφ∫ ∫
f(y, θ, φ)dφdθ

=

∫
f(y|θ)f(θ|φ)f(φ)dφ∫ ∫
f(y|θ)f(θ|φ)f(φ)dφdθ

Mia deÔterh ek twn ustèrwn katanom  eÐnai h f(φ|y) h opoÐa dÐnetai apì ton
tÔpo (Gelman et al. 1995, sel. 129 [23] & Bernardo et al. 1994, sel. 372)
[11]

p(φ|y) =
f(y|φ)f(φ)

f(y)
=

[∫
f(y|θ)f(θ|φ)dθ

]
f(φ)

f(y)

=

[
f(y|θ)f(θ|φ)

f(θ|y)

]
f(φ)

f(y)
=

f(y|φ, θ)f(θ|φ)f(φ)

f(θ|φ, y)f(y)

=
f(y|φ, θ)f(θ, φ)

f(θ|φ, y)f(y)

=
f(φ, θ|y)

f(θ|φ, y)

Oi dÔo autèc ek twn protèrwn katanomèc sundèontai me thn sqèsh (Bernardo

et al. 1994, sel. 372)[11]

f(θ|y) =

∫
f(θ, φ|y)dφ =

∫
f(θ|φ, y)f(φ|y)dφ

Enallaktik� mporoÔme na antikatast soume thn par�metro φ me mia ektim -
tria thc φ̂, pou ja prokÔyei megistopoi¸ntac thn katanom  f(y|φ) wc proc φ.
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Sunep¸c h sumperasmatologÐa ja basÐzetai sthn {ektim¸menh} ek twn ustèrwn
f(θ|y, φ̂). H parap�nw prosèggish anafèretai suqn� wc Empeirik  Mpeuzian 
an�lush (Empirical Bayes analysis) lìgw tou ìti qrhsimopoioÔme ta dedomèna
gia na upologÐsoume thn ektim tria thc ek twn protèrwn paramètrou φ (Carlin

& Louis 1996, sel. 24)[12].

Ja mporoÔse epÐshc h uperpar�metroc φ, apì mình thc na exart�tai apì mia
�llh par�metro, èstw ψ. Kat' epèktash orÐzetai mia deutèrou epipèdou ek twn
protèrwn katanom  f(φ|ψ) kai mia trÐtou epipèdou ek twn protèrwn katanom 
f(ψ). To egqeÐrhma autì kaleÐtai Ierarqik  montelopoÐhsh (Hierarchical mod-

eling, Carlin & Louis 1996, sel. 24)[12].

Par�deigma Poisson

'Estw y1, ..., yn eÐnai tuqaÐo deÐgma apì Poisson(λi). Upojètoume ìti h par�me-
troc λi eÐnai èna anex�rthto deÐgma apì katanom  Gamma(λo, 1) (power prior).

EpÐshc jètoume thn uperpar�metro λo ∼ Gamma(1, 1). Apì ta parap�nw lam-
b�noume thn ek twn ustèrwn katanom 

f(λo|yyy) ∝
∏n

i=1 e−λo
∏n

i=1
1

Γ(λo)
λλo−1

i e−λi
∏n

i=1
1
yi!

λyi

i e−λi

∏n
i=1

2λo+yi

Γ(λo+yi)
λλo+yi−1

i e−2λi

∝
n∏

i=1

Γ(λo + yi)

Γ(λo)yi!2λo+yi
e−λo

Par�deigma Binomial

'Estw y1, ..., yn eÐnai tuqaÐo deÐgma apì Binomial(Ni, θi). Upojètoume ìti h
par�metroc θi eÐnai èna anex�rthto deÐgma apì katanom  Beta(α, β). Akìma, gia
eukolÐa stouc upologismoÔc, jewroÔme ìti oi uperpar�metroi eÐnai metaxÔ touc
anex�rthtoi kai ìti α ∼ Beta(1, 1) kai β ∼ Beta(1, 1). Autì sunep�getai ìti
h apì koinoÔ sun�rthsh katanom c touc eÐnai f(α, β) = f(α)f(β) = 1. Apì ta
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parap�nw lamb�noume thn ek twn ustèrwn katanom 

f(α, β|yyy) ∝
∏n

i=1
Γ(α+β)
Γ(α)Γ(β)θ

α−1
i (1− θi)

β−1 ∏n
i=1 θyi

i (1− θi)
Ni−yi

∏n
i=1

Γ(α+β+Ni)
Γ(α+yi)Γ(β+Ni−yi)

θα+yi−1
i (1− θi)β+Ni−yi−1

∝
n∏

i=1

Γ(α + β)

Γ(α)Γ(β)

Γ(α + yi)Γ(β + Ni − yi)

Γ(α + β + Ni)

∝
n∏

i=1

B(α + yi, β + Ni − yi)

B(α, β)

1.2.4 Ek twn protèrwn katanomèc basismènec se dun�meic thc pijanof�neiac

An kai oi mh-plhroforiakèc kai oi mh-gn siec ek twn protèrwn katanomèc eÐnai
eÔkolec na oristoÔn gia k�poia probl mata, den mporoÔn na qrhsimopoihjoÔn
pantoÔ ìpwc gia par�deigma sthn epilog  montèlwn   sth sÔgkrish montè-
lwn, ìpou apaitoÔntai kat�llhlec ek twn protèrwn gia ton upologismì tou
par�gonta Bayes. 'Etsi oi plhroforiakèc ek twn protèrwn eÐnai aparaÐthtec
afoÔ epitrèpoun thn efarmog  shmantik c plhroforÐac apì prohgoÔmenec parì-
moiec melètec. Ta dedomèna prohgoÔmenwn melet¸n kaloÔntai istorik� dedomèna
(historical data).

H basik  idèa thc power prior eÐnai h qr sh thc miac paramètrou δ , (0 ≤ δ ≤ 1)

mèsw thc opoÐac elègqoume thn epÐdrash twn istorik¸n dedomènwn sthn trè-
qousa melèth. Upojètoume ìti gia dojèn θ ta istorik� dedomèna yyyo kai ta
trèqonta dedomèna yyy eÐnai anex�rthta tuqaÐa deÐgmata. OrÐzoume L(θ|yyyo) th
sun�rthsh pijanof�neiac thc paramètrou pou basÐzetai sta istorik� dedomèna
kai π(θ) na eÐnai h arqik  (initial) ek twn protèrwn katanom  thc paramètrou,
dhlad  prin apì k�je istorik  plhroforÐa. Aut  eÐnai sun jwc mia mh - plhro-
foriak  ek twn protèrwn katanom . Gia dojèn δ, oi Chen kai Ibrahim (2000,
2006) [28], [14], orÐsane thn power prior tou θ gia mia trèqousa melèth na eÐnai:

π(θ|yyyo, δ) ∝ [L(θ|yyyo)]
δπ(θ)
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H par�metroc δ elègqei to epijumhtì b�roc pou ta istorik� dedomèna ja èqoun
sthn ek twn ustèrwn katanom . Stic peript¸seic pou

• δ = 0 shmaÐnei ìti ta istorik� dedomèna den ja qrhsimopoihjoÔn (dhl. ja
èqoun b�roc Ðso me mhdèn).

• δ = 1 shmaÐnei ìti dÐnoume to Ðdio b�roc stic parathr seic twn istorik¸n
dedomènwn yyyo kai twn twn parathr sewn yyy.

H par�metroc δ mporeÐ epÐshc na ermhneuteÐ san par�metroc akrÐbeiac (preci-

sion parameter). Gia par�deigma, èstw ìti èqoume thn perÐptwsh enìc kanon-
ikoÔ deÐgmatoc me gnwst  diaspor�. Upojètoume ìti ta yyyo apoteloÔntai apì no

parathr seic apì kanonikì plhjusmì me �gnwsto mèso θ kai gnwst  diaspor�
σ2. E�n h ek twn protèrwn katanom  π(θ) upojèsoume ìti eÐnai mia omoiìmorfh
(mh-plhroforiak ) katanom  tìte sunep�getai mia ek twn protèrwn katanom  tou
θ gia ta trèqonta dedomèna yyy, [θ|yyyo, δ] ∼ N(yo,

σ2

δno
), ìpou yo eÐnai o deigmatikìc

mèsoc twn istorik¸n dedomènwn. 'Etsi, to δ apoteleÐ mèroc thc akrÐbeiac afoÔ
gia mikrèc timèc tou δ èqoume meg�lh power prior diaspor�, en¸ gia meg�lec
timèc tou δ èqoume mikr  power prior diaspor�.
H power prior π(θ|yyyo, δ) arqik� kataskeu�sthke gia stajerì δ. Oi Ibrahim

kai Chen (2000)[28] epekt�jhkan sthn perÐptwsh ìpou to δ eÐnai tuqaÐo, isqur-
izìmenoi ìti èna tuqaÐo δ dÐnei ston ereunht  perissìterh elastikìthta sthn
qr sh twn istorik¸n dedomènwn. Prìteinan mia apì koinoÔ power prior katanom 
gia ta (θ, δ) wc,

π(θ, δ|yyyo, δ) ∝ [L(θ|yyyo)]
δπ(θ)π(δ|γo)

ìpou to γo eÐnai mia kajorismènh uperpar�metroc. Mia fusik  ek twn protèrwn
gia to δ mporeÐ na eÐnai mia Beta(α, b) katanom    apl� mia omoiìmorfh katanom 
afoÔ 0 ≤ δ ≤ 1.
Sth sunèqeia, genÐkeusan thn power prior gia pollapl� set istorik¸n dedomè-
nwn. Upojètoume ìti up�rqoun k anex�rthtec istorikèc melètec, yyyoj ta istorik�
dedomèna thc j-melèthc, me j = 1, ..., k kai yyyo = (yo1, ..., yok). Akìma prìteinan
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mia diaforetik  par�metro barÔthtac δj gia k�je j-istorik  melèth kai p ran
to δj na akoloujeÐ anex�rthta kai isìnoma mia Beta(α, b) katanom . 'Estw
δδδ = (δ1, ..., δk) tìte h power prior gia pollapl� istorik� dedomèna paÐrnei thn
morf 

π(θ, δδδ|yyyo) ∝
[

k∏
j=1

[L(θ|yyyoj)]
δjπ(δj|a, b)

]
π(θ) .

Aut  h prosèggish dieujeteÐ endeqìmenh eterogèneia metaxÔ twn di�forwn isto-
rik¸n dedomènwn kai ètsi o rìloc twn istorik¸n dedomènwn mporeÐ na apotimhjeÐ
me perissìterh akrÐbeia. Gia perissìterec plhroforÐec parapèmpoume sthn di-
daktorik  ergasÐa thc Yuyan Duan (2005) [49].

Gia thn par�metro δ mporoÔme na qrhsimopoi soume mia ek twn protèrwn katanom 
me mèso 1

n , ètsi ¸ste ta istorik� dedomèna na èqoun ek twn protèrwn barÔthta
kat� mèso ìro Ðsh me èna shmeÐo dedomènwn.

Par�deigma Poisson

'Estw y1, ..., yn eÐnai tuqaÐo deÐgma apì thn Poisson me par�metro λ. Gia ton
upologismì miac power ek twn protèrwn katanom c gia thn Poisson katanom ,
jètoume wc arqik  ek twn protèrwn π(λ) ∼ Gamma(αo, βo). Apì ta parap�nw
prokÔptei

π(λ|yyyo, δ) ∝ [L(λ|yyyo)]
δπ(λ)

∝
[

n∏
i=1

e−λλyoi

yoi!

]δ
βαo

o

Γ(αo)
λαo−1e−βoλ

∝
[
e−nλλ

∑
yoi

]δ

λαo−1e−βoλ

= λδnyo+αo−1e−(δn+βo)λ
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Pou eÐnai mia Gamma(δnyo +αo, δn+βo). E�n jèsoume αo = βo = 0 kai δ = 1
n

paÐrnoume thn upì perÐptwsh ìpou h power prior ja eÐnai mia Gamma(yo, 1).

Par�deigma Binomial

'Estw y1, ..., yn eÐnai tuqaÐo deÐgma apì thn Binomial(Ni, θ). Gia ton upologismì
miac power ek twn protèrwn katanom c gia thn Binomial katanom , jètoume wc
arqik  ek twn protèrwn π(θ) ∼ Beta(αo, βo). Apì ta parap�nw prokÔptei

π(θ|yyyo, δ) ∝ [L(θ|yyyo)]
δπ(θ)

∝
[
θ

∑
yoi(1− θ)

∑
Noi+

∑
yoi

]δ Γ(αo + βo)

Γ(αo)Γ(βo)
θαo−1(1− θ)βo−1

∝ θNoδyo+αo−1(1− θ)Noδ−Noδyo+βo−1

Pou eÐnai mia
Beta(Noδyo + αo, Noδ(1− yo) + βo)

ìpou No =
∑

Noi kai yo = 1
No

∑
yoi h deigmatik  diwnumik  analogÐa.

Jètontac αo = βo = 0 kai δ = c
No

paÐrnoume thn upì perÐptwsh ìpou h power

prior ja eÐnai mia Beta(cyo, c(1− yo)).

Sthn parap�nw ek twn protèrwn an epiplèon jèsoume yo = 1
2 tìte ja èqoume

mia Beta( c
2 ,

c
2) tic opoÐac gnwst  upì perÐptwsh eÐnai h Beta

(1
2 ,

1
2

)
, pou eÐnai h

Jeffeys ek twn protèrwn katanom  sthn sugkekrimènh perÐptwsh.



Kef�laio 2

'Elegqoc Upojèsewn gia 'Ena
DeÐgma

2.1 Meionekt mata thc Klasik c prosèggishc

Sto kef�laio autì ja asqolhjoÔme me ton èlegqo upojèsewn. Dhlad  anazh-
t�me ènan trìpo gia na apofasÐsoume to kat� pìso mia kajorismènh tim  thc
paramètrou eÐnai apodekt  me b�sh tic parathr seic kai thn ek twn protèrwn
pepoÐjhsh mac gia thn par�metro.

Sthn Klasik  statistik  o èlegqoc upojèsewn basÐzetai sta jemeli¸dh l mma-
ta twn Neyman - Pearson kai Fisher (Carlin & Louis, 1996, sel. 45)[12]. Ta
stoiqeÐa enìc klassikoÔ elègqou eÐnai ta ex c (RoÔssac, 1976, sel. 11-15)[2]:

(1) OrÐzetai h mhdenik  upìjesh (H0), dhlad  kajorÐzetai èna uposÔnolo ω pou
mporeÐ na perièqei thn alhjin  tim  gia thn par�metro θ. Ho : θ ∈ ω

(2) OrÐzetai h enallaktik  upìjesh (H1), dhlad  kajorÐzetai èna uposÔnolo ωc

(sumplhrwmatikì tou ω se sqèsh me to Ω, ìpou Ω o parametrikìc q¸roc)
wc to uposÔnolo pou mporeÐ na perièqei thn alhjin  tim  gia thn par�metro
θ. H1 : θ ∈ ωc

(3) OrÐzetai o statistikìc èlegqoc apì to deÐgma (Y ), dhlad  mia elegqo-
sun�rthsh T (Y) gia ton èlegqo thc mhdenik c ènanti thc enallaktik c
upìjeshc.

17
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(4) OrÐzetai h perioq  apìrriyhc R thc mhdenik c upìjeshc H0.

(5) UpologÐzetai to parathroÔmeno epÐpedo shmantikìthtac (observed level of

significance or p-value) pou eÐnai h pijanìthta h statistik  sun�rthsh
T (YYY ) tou elègqou na p�rei mia tim  tìso akraÐa wc proc thn H0   peris-
sìtero akraÐa apì aut n pou p re gia to sugkekrimèno deÐgma, upì thn H0.

p− value = P [T (YYY ) pio akraÐa apì thn T (YYY obs)|θ, H0]

(6) GÐnetai sÔgkrish me to epÐpedo statistik c shmantikìthtac pou orÐzei o
ereunht c kai ex�gontai sumper�smata. E�n to p-value eÐnai mikrìtero apì
to kajorismèno sf�lma TÔpou I tìte h H0 aporrÐptetai, alli¸c ìqi.

Par' ìlo ìmwc pou o klassikìc èlegqoc upojèsewn eÐnai eurèwc diadedomènoc
sthn statistik  bibliografÐa, parousi�zei kai arket� meionekt mata (Carlin &

Louis 1996, sel.45-46)[12].

Pr¸ton, mporeÐ mìno na efarmosteÐ ìtan oi zhtoÔmenec upojèseic eÐnai {èn-
jetec} (nested), dhlad  h H0 apartÐzei mia aploÔsteush thc H1 (gia par�deigma
H0 : θ = 0 vs H1 : θ 6= 0). Fusik� ta perissìtera probl mata perilamb�noun
peript¸seic {mh-ènjetwn} upojèsewn .

DeÔterh duskolÐa twn elègqwn aut¸n eÐnai ìti mporoÔn mìno na mac parèqoun
mia apìdeixh enantÐon thc mhdenik c upìjeshc kai ìqi thc enallaktik c. E�n
to p-value eÐnai arket� mikrì mporoÔme na aporrÐyoume thn H0 en¸ an isqueÐ
to antÐjeto den mporoÔme na poÔme ìti deqìmaste thn H0 par� mìno ìti apo-
tugq�noume na thn aporrÐyoume.

TrÐton, to p-value apì mìno tou den prosfèrei mia �mesh ermhneÐa san ènan ba-
jmì thc apìdeixhc par� mìno wc analogÐa - pijanìthta ··· èpeita apì suneqìmenh
kai makroqrìnia epan�llhyh tou Ðdiou peir�matoc.

Tètarto shmantikì meionèkthma twn klassik¸n elègqwn shmantikìthtac eÐnai
ìti ìqi mìno exart�tai apì ta parathroÔmena dedomèna mac, all� kai apì thn



Kef�laio 2 : 'Elegqoc Upojèsewn gia 'Ena DeÐgma 19

sunolik  deigmatolhptik  pijanìthta mh-parathr simwn dedomènwn. Autì èqei
san apotèlesma ìti dÔo peir�mata me panomoiìtupec pijanof�neiec mporoÔn na
odhg soun se diaforetik� apotelèsmata (bl. par�deigma 1.2, Carlin & Louis

1996, sel.3)[12] gegonìc pou èrqetai se antÐjesh me thn arq  thc pijanof�neiac
(bl. par�rthma A).

Fusik� den prèpei na xeqn�me ìti to p-value ephre�zetai apì to mègejoc tou
deÐgmatoc. 'Oso megalÔtero deÐgma, tìso mikrìterh h tim  tou kai �ra aporrÐ-
ptoume thn H0. En¸ ìso megalÔterh h tim  tou, den mporoÔme na aporrÐyoume
thn H0. EpÐshc oi posìthtec α kai β (sf�lmata tÔpou I & II antÐstoiqa) auxo-
mei¸nontai se sqèsh me to mègejoc tou deÐgmatoc n (Pan�retoc & Xekal�kh
2000, sel. 369-372)[1].

• Gia dedomèno α, to β mporeÐ na elatt¸netai me aÔxhsh tou n.

• Gia dedomèno n, ìso megal¸noume to mègejoc thc perioq c apìrriyhc (kai
�ra to α) ja elatt¸netai to β (antistrìfoc an�loga).

• H tim  tou β exart�tai apì thn H1.

Genik� den up�rqei apodektìc kanìnac pou na odhgeÐ sthn epilog  epÐpedou sta-
tistik c shmantikìthtac sto prìblhma elègqou statistik¸n upojèsewn sthn
klasik  statistik .

2.2 Par�gontac Bayes

'Ola ta prohgoÔmena meionekt mata odhgoÔn sth diereÔnhsh twn dunatot twn
thc statistik c kat� Bayes. H Mpeuzian  prosèggish ston èlegqo upojèsewn,
pou anaptÔqjhke apì ton Jeffreys (1935, 1961)[30],[31] eÐnai pio apl , sumbat 
me thn arq  thc pijanof�neiac kai apofeÔgontai ta probl mata pou anafèrjhkan
sthn prohgoÔmenh par�grafo. 'Ena apì ta pleonèkthmata thc mejìdou aut c
eÐnai ìti den up�rqei periorismìc sto pl joc twn upojèsewn pou mporoÔn na
exetastoÔn tautìqrona. Epiplèon den eÐnai upoqrewtikì ta upì exètash montèla
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na eÐnai {ènjeta}.

H basik  idèa eÐnai ìti h ek twn protèrwn kai h ek twn ustèrwn plhroforÐa
sundu�zetai s�ena sqetikì lìgo pijanot twn pou onom�zetai par�gontac Bayes

(Bayes Factor). O par�gontac autìc mporeÐ na qrhsimopoihjeÐ wc sqetikì mètro
gia thn sÔgkrish dÔo montèlwn.

Orismìc

'Estw ìti èqoume parathr sei k�poia dedomèna yyy. Jèloume na exet�soume dÔo
upoy fia parametrik� montèla M1 kai M2 (upì tic antÐstoiqec upojèseic H1 kai
H2) me paramètrouc θθθ1 kai θθθ2 antÐstoiqa. Upì tic ek twn protèrwn puknìthtec
πi(θθθi), h perij¸ria katanom  twn y eÐnai

p(yyy|Mi) =

∫
f(yyy|θθθi,Mi)πi(θθθi)dθθθi (2.1)

me i = 1, 2. Apì to je¸rhma tou Bayes apokt�me tic ek twn ustèrwn pijanìth-
tec P (M1|yyy) kai P (M2|yyy) = 1 − P (M1|yyy) twn dÔo montèlwn. Opìte gia na
ex�goume sumper�smata upèr enìc montèlou ènanti enìc �llou, qrhsimopoioÔme
eÐte ton lìgo twn ek twn ustèrwn sqetik¸n pijanot twn (posterior odds)

PO12 =
P (M1|yyy)

P (M2|yyy)
,

eÐte upologÐzoume ton par�gonta Bayes

BF12 =
posterior odds

prior odds
=

P (M1|yyy)
P (M2|yyy)
P (M1)
P (M2)

=

[
p(yyy|M1)P (M1)

p(yyy)

]
/
[

p(yyy|M2)P (M2)
p(yyy)

]

P (M1)/P (M2)

=
p(yyy|M1)

p(yyy|M2)
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H prosoq  mac epikentr¸netai ston par�gonta Bayes epeid  apoteleÐ èna mètro
gia thn barÔthta thc plhroforÐac h opoÐa perilamb�netai sta dedomèna upèr
enìc montèlou ènanti enìc �llou (Carlin & Louis 1996, sel.47)[12].

Parathr seic

• Sthn bibliografÐa o par�gontac Bayes sumbolÐzetai eÐte me B   BF , eÐte
fèrontac touc deÐktec twn upojèsewn pou exet�zei dhlad  Bij   BFij.

• E�n ta dÔo montèla èqoun thn Ðdia ek twn protèrwn pijanìthta P (M1) =

P (M2) tìte

PO12 =
P (M1|yyy)

P (M2|yyy)
= BF12

• Sthn perÐptwsh pou ta dÔo montèla moir�zontai thn Ðdia parametropoÐhsh
kai oi dÔo upojèseic eÐnai aplèc, dhl. aforoÔn memonwmèna shmeÐa (p.q.
M1 : θ = θ1 kai M2 : θ = θ2) tìte

BF12 =
f(yyy|θθθ = θ1)

f(yyy|θθθ = θ2)

pou den eÐnai par� o lìgoc twn pijanofanei¸n twn dÔo montèlwn.

• Sthn perÐptwsh pou to èna montèlo eÐnai mia apl  upìjesh en¸ to �llo
montèlo mia sÔnjeth upìjesh (p.q. M1 : θ = θ0 kai M2 : θ 6= θ0) tìte

BF12 =
f(yyy|θθθo)∫

Θ2
f(yyy|θθθ)π(θθθ)dθ

• Sthn perÐptwsh pou kai ta dÔo montèla apoteloÔntai apì sÔnjetec upojè-
seic (p.q. M1 : θ ∈ Θ1 kai M2 : θ ∈ Θ2), tìte èqoume

BF12 =

∫
Θ1

f(yyy|θθθ)π1(θθθ)dθ∫
Θ2

f(yyy|θθθ)π2(θθθ)dθ

pou eÐnai o lìgoc twn {stajmismènwn} pijanofanei¸n upì tic upojèseic Θ1

kai Θ2 (Bernardo & Smith 1995, sel. 392)[11].
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ErmhneÐa

O par�gontac Bayes eÐnai èna sunoptikì statistikì mètro pou katadeiknÔei mia
èndeixh upèr enìc montèlou, ènanti k�poiou �llou. O Jeffreys (1961) prìteine
mia pijan  ermhneÐa tou BF sthn log klÐmaka. O parak�tw pÐnakac mac dÐnei ta
apotelèsmata.

log(BF10) BF10 'Endeixh upèr thc H1, ènanti thc H0

0 - 1/2 1 - 3.2 'Oqi �xia anafor�c
1/2 - 1 3.2 - 10 Ousi¸dhc
1 - 2 10 - 100 Isqur 
> 2 > 100 Oristik� amet�klhth

PÐnakac 2.1: ErmhneÐa tou par�gonta Bayes sÔmfwna me ton Jeffrey (1961).

'Omwc oi Kass & Raftery (1995) [34] èdwsan �llh ermhneÐa ston par�gonta
Bayes pollaplasi�zontac ton epi dÔo, ¸ste na èqei thn Ðdia klÐmaka me tic gnw-
stèc statistikèc sunart seic : thn sun�rthsh apìklishc (deviance) kai ton
èlegqo twn lìgwn pijanof�neiac (likelihood ratio test).

2loge(BF10) BF10 'Endeixh upèr thc H1, ènanti thc H0

0 - 2 1 - 3 'Oqi �xia anafor�c
2 - 6 3 - 20 Jetik 
6 - 10 20 - 150 Isqur 
> 10 > 150 PolÔ isqur 

PÐnakac 2.2: ErmhneÐa tou par�gonta Bayes sÔmfwna me touc Kass & Raftery (1995).

Par' ìlo pou o par�gontac Bayes apoteleÐ shmantikì ergaleÐo gia thn stati-
stik  an�lush, h qr sh tou den eÐnai eleÔjerh amfisb thshc diìti ephrre�zetai
apì thn metablhtìthta thc ek twn protèrwn katanom c, ìpwc ja doÔme analu-
tik� sthn epìmenh par�grafo. EpÐshc parousi�zontai arketèc duskolÐec stouc
upologismoÔc, ìtan qrhsimopoioÔntai akat�llhlec ek twn protèrwn katanomèc,
ìpwc upèdeixe o O’Hagan (1995)[45]. Suqn� qrhsimopoioÔntai di�forec paral-
lagèc tou par�gonta Bayes. Apì tic pio gnwstèc eÐnai o yeudopar�gontac Bayes

pou prot�jhke apì touc Geisser & Eddy (1979)[20], Gelfand et al.(1992)[22]

kai Gelfand & Dey (1994)[21], o ek twn ustèrwn par�gontac Bayes pou prot�-
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jhke apì ton Aitkin (1991)[5], o endogen c (intrinsic) par�gontac Bayes pou
prot�jhke apì touc Berger & Pericchi (1996)[10] kai o klasmatikìc (fraction-

al) par�gontac Bayes pou prot�jhke apì touc O’Hagan (1995)[45] kai De

Santis & Spezzaferri (1997)[18]. Wstìso autèc oi teqnikèc eÐnai astajeÐc ìtan
to mègejoc twn deigm�twn eÐnai mikrì (Giampaoli, 2004)[24].

2.3 To par�doxo tou Lindley

To par�doxo tou Lindley (Lindley’s Paradox) anafèretai sthn kat�stash
ìpou h Mpeuzian  kai h Klassik  prosèggish dÐnoun antÐjeta apotelèsmata
stouc elègqouc upojèsewn. Arqik� o Lindley (1957) [39] anafèrjhke sthn
epÐdrash tou megèjouc tou deÐgmatoc n, en¸ o Bartlett (1957) [9] parat rhse
to Ðdio gia prokajorismènec epilogèc thc ek twn protèrwn katanom c.

'Estw ìti èqoume èna tuqaÐo deÐgma yi ∼ N(θ, σ2) me �gnwsto mèso θ kai gnw-
st  diaspor� σ2. Jèloume na elègxoume thn upìjesh ìti H0 : θ = θo vs H1 :

θ 6= θo. Epilègoume mia mh-mhdenik  ek twn protèrwn pijanìthta P (M0) = πo

gia thn H0 (antÐstoiqa P (M1) = 1 − πo gia thn H1) kai mia sqedìn epÐpedh
puknìthta pijanìthtac (fairly flat propability density π(θ)) wc ek twn protè-
rwn katanom  thc paramètrou θ. Jètoume π(θ) ∼ N(µθ, τ

2), ìpou h diaspor�
τ 2 >> σ2. 'Estw ìti parathroÔme mia tim  Y = y, ìpou to y eÐnai arket� σ

makru� apì to θo. Mia tim  tìso makru� apì to θo eÐnai polÔ apÐjanh upì thn
H0 kai ètsi h H0 aporrÐptetai e�n qrhsimopoi soume ènan tupikì èlegqo ba-
sizìmeno sto statistikì èlegqo (y − θo)/σ, dhl. to t-test me α = 5%. Akìma
jètoume τ 2 = C

n σ2. All� apì thn stigm  pou h τ 2 >> σ2, oi timèc tou θ me
uyhl  pijanof�neia (autèc entìc arket¸n σ makru� apì to y) ja d¸soun polÔ
mikrèc ek twn protèrwn pijanìthtec mèsw thc π(θ) kai epomènwc h sunolik 
pijanof�neia gia to enallaktikì montèlo ja eÐnai:

f(y|M1) = exp

{
+

(y − y)2

2σ2

}
exp

{
+

(y − µθ)
2

2σ2

n (1 + C)

}
(
√

1 + C)−1(σ
√

2π)−1
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pou eÐnai polÔ mikrìterh apì thn pijanof�neia thc H0

f(y|M0) =
1

σ
√

2π
exp

{
−(y − θo)

2

2σ2

}

O par�gontac Bayes dÐnetai apì thn sqèsh

BF10 =
f(y|M1)

f(y|M0)
=

= exp

{
n

2σ2

[
(y − θo)

2

n
+

(y − y)2

n
+

(y − µθ)
2

1 + C

]}
(
√

1 + C)−1

Epeid  τ 2 >> σ2 kai τ 2 = C
n σ2 tìte to C ja eÐnai polÔ meg�lo kai kat'

epèktash o BF ja mikraÐnei, uposthrÐzontac thn H0. An p�roume kai thn ori-
ak  perÐptwsh ìpou C → ∞, tìte BF → 0. Dhlad  ìtan h ek twn protèrwn
diaspor� τ 2 eÐnai polÔ megalÔterh apì aut n tou deÐgmatoc σ2, h Mpeuzian 
an�lush odhgeÐ se èndeixh upèr thc H0 se antÐjesh me thn Klassik  statis-
tik , pou to statistikì tèst (y − θo)/σ deÐqnei isqur  èndeixh enantÐon thc H0

(Shafer 1982)[48].

Sunep¸c se opoiad pote sÔgkrish montèlwn, o par�gontac exart�tai apì thn ek
twn protèrwn katanom  kajorizìmenh apì tic paramètrouc k�je montèlou. Autì
eÐnai to par�doxo to opoÐo suzht jhke leptomer¸c apì ton Bartlett (1957)[9]

en¸ pio prìsfatec anaforèc èqoun gÐnei apì touc Smith (1965), Bernardo

(1980), Shafer (1982)[48] k.a.

2.3.1 Par�deigma me prosomoiwmèna dedomèna

Prosomoi¸noume 1000 parathr seic (yi) pou proèrqontai apì kanonik  katanom 
me mèsh tim  4 kai tupik  apìklish 0.9 (σ2 = 0.81). Sto sq ma (2.1) blèpoume
to istìgramma twn parathr sewn. Elègqoume an h mèsh tim  tou deÐgmatoc
diafèrei shmantik� apì thn tim  µo = 4 dhl.

Ho : µ = µo vs H1 : µ 6= µo
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pou ekfr�zetai apì ta montèla

Mo : yi ∼ Normal(µo, σ
2) kai M1 : yi ∼ Normal(µ, σ2)

Sq ma 2.1: Rabdìgramma prosomoiwmènwn parathr sewn apì N(4, 0.81)

• Gia thn �gnwsth par�metro µ epilègoume thn ek twn protèrwn katanom 
µ ∼ N(µθ,

C
n σ2). JewroÔme ìti µθ = 4, diìti efìson pisteÔoume ìti h mhdenik 

upìjesh axÐzei na elegqjeÐ, tìte up�rqei kai ek twn protèrwn pepoÐjhsh ìti
aut  eÐnai h pragmatik  thc tim . Akìma jètoume C = 1000 (Ðso me to mègejoc
tou deÐgmatoc) wc arket� meg�lh tim , ¸ste na exasfalÐsoume mikr  ek twn
protèrwn plhroforÐa (meg�lh ek twn protèrwn diaspor� thc paramètrou µ).
Sunep¸c µ ∼ N(4, 0.81) (Empirical Bayes approach). Me thn bo jeia thc R

brÐskoume BF10 = 0.18 < 1, dhlad  uposthrÐzetai h mhdenik  upìjesh, pou
shmaÐnei ìti h mèsh tim  den diafèrei apì to 4.

• Sto sq ma (2.2) exet�zetai grafik� h euaisjhsÐa tou logarÐjmou tou par�go-
nta Bayes gia tic di�forec timèc tou logC. Apì to gr�fhma epibebai¸netai
to par�doxo tou Lindley, afoÔ kaj¸c to C aux�netai, diapist¸netai ìti o
par�gontac Bayes mei¸netai, uposthrÐzontac thn H0. Oi orizìntiec grammèc twn
grafhm�twn, dhl¸noun ta epÐpeda ermhneÐac sÔmfwna me touc Kass & Raftery.

Gia jetikèc timèc tou logarÐjmou to mhdenikì montèlo aporrÐptetai, en¸ gia
arnhtikèc timèc aporrÐptetai h enallaktik  upìjesh. Gia timèc tou logarÐjmou
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metaxÔ (-1, 1) h diafor� den eÐnai �xia anafor�c. Apì ta graf mata sumperaÐ-
noume ìti h enallaktik  upìjesh aporrÐptetai gia ìlec tic timèc tou C.

Sq ma 2.2: Grafik  apeikìnish thc euaisjhsÐac tou logarÐjmou tou par�gonta Bayes gia tic di�forec timèc
tou logC, (1 < C < 106) (Par�deigma 2.3.1).

2.4 'Elegqoc upojèsewn gia èna deÐgma apì katanom  Poisson

JewroÔme tuqaÐo deÐgma apì thn katanom  Poisson(λ). Jèloume na elègxoume
thn isìthta tou rujmoÔ tou deÐgmatoc me mia sugkekrimènh tim  λo.

H0 : λ = λo vs H1 : λ 6= λo

Ta montèla pou antiproswpeÔoun tic parap�nw upojèseic eÐnai antÐstoiqa

M0 : yi ∼ Poisson(λo) kai M1 : yi ∼ Poisson(λ)

Gia to montèlo M0, ìpou h par�metroc λo eÐnai gnwst  kai ìqi proc ektÐmhsh, to
olokl rwma (2.1) (dhl. h perij¸ria katanom  twn yi) isoÔtai me thn sun�rthsh
pijanof�neiac

f(yyy|M0) = L(λo;yyy) ∝ exp{−nλo}λ
∑

yi
o

Gia to montèlo M1, epeid  h par�metroc λ eÐnai �gnwsth kai �ra proc ektÐmhsh,
upologÐzetai arqik� h sun�rthsh pijanof�neiac L(λ;yyy) ∝ exp{−nλ}λ

∑
yi.
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Sth sunèqeia upojètoume ìti h ek twn protèrwn pepoÐjhsh mac gia thn par�metro
λ mporeÐ na ekfrasteÐ me thn bo jeia miac Gamma katanom c. Apì to je¸rhma
tou Bayes upologÐzetai arqik� h ek twn ustèrwn katanom  kai sth sunèqeia
upologÐzetai to olokl rwma (2.1) pou ousiastik� apoteleÐ thn stajer� kano-
nikopoÐhshc tou jewr matoc tou Bayes. Opìte :

f(yyy|M1) =

∫
f(yyy|λ)f(λ)d(λ) =

f(λ)f(yyy|λ)

f(λ|yyy)
=

Γ(p + nȳ)qp

Γ(p)(q + n)p+nȳ

1

[
∏

yi!]

Par�gontac Bayes

UpologÐzetai o Bayes Factor gia thn sÔgkrish tou montèlou M1 ènanti tou M0.

BF10 =
p(yyy|M1)

p(yyy|M0)
=

∑
f(yyy|λ)f(λ)

L(λo;yyy)

=
Γ(p + nȳ)qp/Γ(p)(q + n)p+nȳ

[
1∏
yi!

]

exp{−nλo}λ
∑

yi
o /

[
1∏
yi!

]

=
Γ(p + nȳ)qp

Γ(p)(q + n)p+nȳ exp{−nλo}λnȳ
o

O par�gontac Bayes exart�tai apì tic ek twn protèrwn paramètrouc, to mègejoc
tou deÐgmatoc kai ton mèso twn dedomènwn. Stic peript¸seic ìpou to mègejoc
tou deÐgmatoc eÐnai polÔ meg�lo (n → ∞) tìte o par�gontac Bayes teÐnei sto
mhdèn, (BF → 0 epeid  o paronomast c aux�netai polÔ pio gr gora apì ton
arijmht ) dÐnontac polÔ isqur  èndeixh upèr thc H0. Akìma ìtan h ek twn
protèrwn diaspor� V ar(λ) = p

q2 = E(λ)
q → ∞, dhlad  ìtan h par�metroc

q → 0, tìte o BF ellat¸netai dÐnontac epÐshc polÔ isqur  èndeixh upèr thc
H0.
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2.4.1 Par�deigma me prosomoiwmèna dedomèna

Prosomei¸noume 100 parathr seic (yi) apì katanom  Poisson(0.2). Sto sq ma
(2.3) blèpoume to rabdìgramma twn parathr sewn. Elègqoume an h mèsh tim 
tou deÐgmatoc diafèrei shmantik� apì tic timèc λo = 0.1, λo = 0.2, λo = 0.3 kai
λo = 0.4 dhl.

Ho : λ = λo vs H1 : λ 6= λo

pou ekfr�zetai apì ta montèla

Mo : yi ∼ Poisson(λo) kai M1 : yi ∼ Poisson(λ)

Sq ma 2.3: Rabdìgramma prosomoiwmènwn parathr sewn apì Poisson(0.2)

• Basizìmenoi sthn power ek twn protèrwn katanom  Gamma(yo, 1), ja
epilèxoume dÔo upì peript¸seic thc gia thn �gnwsth par�metro λ.

¦ Gia yo = 1 prokÔptei h Gamma(1, 1) me E(λ) = V ar(λ) = 1.

¦ Gia yo = λ∗o prokÔptei h Gamma(λ∗o, 1) me E(λ) = V ar(λ) = λ∗o. Jètoume
yo = λ∗o = λo, diìti efìson pisteÔoume ìti h mhdenik  upìjesh axÐzei na
elegqjeÐ, tìte up�rqei ek twn protèrwn pepoÐjhsh ìti aut  eÐnai h prag-
matik  thc tim .

• Me thn bo jeia thc R prokÔptoun oi pÐnakec (2.3) kai (2.4). Apì touc pÐnakec
diapist¸noume ìti h ek twn protèrwn katanom  Gamma(λo, 1) dÐnei mikrìterec
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timèc ston par�gonta Bayes ap' ìti h ek twn protèrwn katanom  Gamma(1, 1).
'Opwc ja doÔme parak�tw autì ofeÐletai sthn megalÔterh diaspor� (λo > 1).
Wstìso kai oi dÔo ek twn protèrwn katanomèc dÐnoun parìmoia apotelèsmata.

λo 0.1 0.2 0.3 0.4
BF10 106.57 0.14 0.18 4.046

log(BF )10 4.669 -1.967 -1.698 1.398
'Endeixh enantÐon thc H0 H1 H1 H0

Isqur  Jetik  Jetik  Jetik 

PÐnakac 2.3: Apotelèsmata tou par�gonta Bayes me ek twn protèrwn katanom  thn Gamma(1, 1).

λo 0.1 0.2 0.3 0.4
BF10 40.75 0.096 0.167 4.298

log(BF )10 3.708 -2.345 -1.79 1.46
'Endeixh enantÐon thc H0 H1 H1 H0

Isqur  Jetik  Jetik  Jetik 

PÐnakac 2.4: Apotelèsmata tou par�gonta Bayes me ek twn protèrwn katanom  thn Gamma(λo, 1).

• Sto sq ma (2.4) exet�zetai grafik� h euaisjhsÐa tou logarÐjmou tou par�go-
nta Bayes gia tic di�forec timèc tou λo. Oi orizìntiec grammèc twn sqhm�twn,
dhl¸noun ta epÐpeda ermhneÐac sÔmfwna me touc Kass & Raftery. Gia arnhtikèc
timèc tou logarÐjmou to enallaktikì montèlo aporrÐptetai, en¸ gia jetikèc
timèc megalÔterec tou èna h mhdenik  upìjesh aporrÐptetai. Gia timèc metaxÔ
(-1, 1) h diafor� den eÐnai �xia anafor�c. 'Eqontac epilèxei ek twn protè-
rwn katanom  thn Gamma(1, 1) apodeqìmaste thn mhdenik  upìjesh gia timèc
tou λo ∈ (0.149, 0.3622) en¸ èqontac epilèxei ek twn protèrwn katanom  thn
Gamma(λo, 1), apodeqìmaste thn mhdenik  upìjesh gia λo ∈ (0.149, 0.3622).
Analutikìtera bl. pÐnakec (2.5) kai (2.6).

• Sto sq ma (2.5a) exet�zetai grafik� h euaisjhsÐa tou logarÐjmou tou par�go-
nta Bayes gia tic di�forec timèc tic paramètrou α, sthn genik  morf  thc ek twn
protèrwn katanom c Gamma(α, 1), upì thn pragmatik  tim  tou λo = 0.2. Gia
thn katanom  Gamma(α, 1), me E(λ) = V ar(λ) = α, kaj¸c to α →∞, o BF

ellat¸netai, dÐnontac polÔ isqur  èndeixh upèr thc H0. Upì thn pragmatik 
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loge(BF10) λo ∈ 'Endeixh upèr thc H1, ènanti thc H0

arnhtikèc timèc (0.149 , 0.3622) Apodeqìmaste thn H0

0 - 1 (0.134, 0.149) ∪ (0.3622, 0.389) 'Oqi �xia anafor�c
1 - 3 (0.1134, 0.134) ∪ (0.389, 0.4375) Jetik 
3 - 5 (0.0977, 0.1134) ∪ (0.4375, 0.4795) Isqur 
> 5 (−∞, 0.0977) ∪ (0.4795, +∞) PolÔ isqur 

PÐnakac 2.5: ErmhneÐa tou par�gonta Bayes sÔmfwna me touc Kass & Raftery gia thn Gamma(1, 1).

loge(BF10) λo ∈ 'Endeixh upèr thc H1, ènanti thc H0

arnhtikèc timèc (0.1389, 0.3618) Apodeqìmaste thn H0

0 - 1 (0.1256, 0.1389) ∪ (0.3618, 0.3886) 'Oqi �xia anafor�c
1 - 3 (0.1056, 0.1256) ∪ (0.3886, 0.4354) Jetik 
3 - 5 (0.091, 0.1056) ∪ (0.4354, 0.477) Isqur 
> 5 (−∞, 0.091) ∪ (0.477, +∞) PolÔ isqur 

PÐnakac 2.6: ErmhneÐa tou par�gonta Bayes sÔmfwna me touc Kass & Raftery gia thn Gamma(λo, 1).

tim  tou λo = 0.2, deqìmaste thn mhdenik  upìjesh gia ìlec tic timèc tou α.

• Sto sq ma (2.5b) exet�zetai grafik� h euaisjhsÐa tou logarÐjmou tou par�gon-
ta Bayes gia tic di�forec timèc tic paramètrou δ ∈ [0, 1], sthn genik  morf  thc
ek twn protèrwn katanom c Gamma(δnλo, δn), upì thn pragmatik  tim  tou
λo = 0.2. Gia thn katanom  Gamma(δnλo, δn), me E(λ) = λo kai V ar(λ) = λo

δn ,
kaj¸c to δ → 1, o BF aux�netai, dÐnontac polÔ isqur  èndeixh upèr thc H1.
Upì thn pragmatik  tim  tou λo = 0.2, deqìmaste thn mhdenik  upìjesh gia
ìlec tic timèc tou δ.
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(a) (b)

Sq ma 2.4: Grafik  apeikìnish thc euaisjhsÐac tou logarÐjmou tou par�gonta Bayes gia tic di�forec timèc
tou λo me ek twn protèrwn katanom  (a) thn Gamma(1, 1) kai (b) thn Gamma(λo, 1) (Par�deigma 2.4.1).

(a) (b)

Sq ma 2.5: Grafik  apeikìnish thc euaisjhsÐac tou logarÐjmou tou par�gonta Bayes gia tic di�forec timèc
(a) thc paramètrou α thc ek twn protèrwn katanom c Gamma(α, 1) kai (b) thc paramètrou δ ∈ [0, 1] thc ek
twn protèrwn katanom c Gamma(δnλo, δn) (Par�deigma 2.4.1).

2.4.2 Par�deigma me pragmatik� dedomèna

Apì thn Australian  apotÐmhsh ugeÐac (Australian Health survey) me dedomèna
apì to 1977-1978, megèjouc Ðso me 5190, epilègoume tic 300 pr¸tec parathr seic
gia na melet soume to pl joc twn farmakeutik¸n agwg¸n pou qorhgoÔntai me
iatrik  suntag    mh, tic teleutaÐec 2 mèrec. Sto sq ma (2.6) blèpoume to rab-
dìgramma twn parathr sewn. Ta dedomèna èqoun fortwjeÐ apì thn istoselÐda
tou biblÐou twn Cameron & Trivedi (1998)
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[http://www.econ.ucdavis.edu /faculty/cameron/racd/racddata.html]

Elègqoume an h mèsh tim  tou deÐgmatoc diafèrei shmantik� apì tic timèc

λo = 0.01, λo = 1 kai λo = 2

• Basizìmenoi sthn power ek twn protèrwn katanom  epilègoume dÔo upì peri-
pt¸seic thc gia thn �gnwsth par�metro λ.

¦ Gia yo = 1 prokÔptei h Gamma(1, 1) me E(λ) = V ar(λ) = 1.

¦ Gia yo = λ∗o = λo prokÔptei h Gamma(λo, 1) me E(λ) = V ar(λ) = λo.

Sq ma 2.6: Rabdìgramma tou pl jouc twn farmakeutik¸n agwg¸n pou qorhgoÔntai me iatrik  su-ntag   
mh, tic teleutaÐec 2 mèrec.

• Me thn bo jeia thc R prokÔptoun oi pÐnakec (2.7) kai (2.8). OmoÐwc me
to prohgoÔmeno par�deigma, diapist¸noume ìti oi ek twn protèrwn katanomèc
Gamma(λo, 1) kai Gamma(1, 1) dÐnoun parìmoia apotelèsmata gia ton par�go-
nta Bayes. To pl joc twn farmakeutik¸n agwg¸n pou qorhgoÔntai me iatrik 
suntag    mh, tic teleutaÐec 2 mèrec diafèrei apì tic timèc 0.01, 1 kai 2.

λo 0.01 1 2
BF10 +∞ 218.46 1.103× 1020

log(BF )10 +∞ 5.39 46.15
'Endeixh H0 H0 H0

enantÐon thc PolÔ Isqur  PolÔ Isqur  PolÔ Isqur 

PÐnakac 2.7: Apotelèsmata tou par�gonta Bayes me ek twn protèrwn katanom  thn Gamma(1, 1).
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λo 0.01 1 2
BF10 +∞ 218.46 1.37× 1020

log(BF )10 +∞ 5.39 46.37
'Endeixh H0 H0 H0

enantÐon thc PolÔ Isqur  PolÔ Isqur  PolÔ Isqur 

PÐnakac 2.8: Apotelèsmata tou par�gonta Bayes me ek twn protèrwn katanom  thn Gamma(λo, 1).

• Sto sq ma (2.7) exet�zetai grafik� h euaisjhsÐa tou logarÐjmou tou par�go-
nta Bayes gia tic di�forec timèc tou λo. 'Eqontac epilèxei ek twn protèr-
wn katanom  thn Gamma(1, 1) apodeqìmaste thn mhdenik  upìjesh gia timèc
tou λo ∈ (1.094, 1.414) en¸ èqontac epilèxei ek twn protèrwn katanom  thn
Gamma(λo, 1), apodeqìmaste thn mhdenik  upìjesh gia λo ∈ (1.096, 1.407).

(a) (b)

Sq ma 2.7: Grafik  apeikìnish thc euaisjhsÐac tou logarÐjmou tou par�gonta Bayes gia tic di�forec timèc
tou λo me ek twn protèrwn katanom  (a) thn Gamma(1, 1) kai (b) thn Gamma(λo, 1) (Par�deigma 2.4.2).

• Sto sq ma (2.8a) exet�zetai grafik� h euaisjhsÐa tou logarÐjmou tou par�go-
nta Bayes gia tic di�forec timèc tic paramètrou α, sthn genik  morf  thc ek twn
protèrwn katanom c Gamma(α, 1), upì ton deigmatikì mèso λo = 1.25. Gia thn
katanom  Gamma(α, 1), kaj¸c to α → ∞, o BF ellat¸netai, dÐnontac polÔ
isqur  èndeixh upèr thc H0. Upì ton deigmatikì mèso λo = 1.25, deqìmaste thn
mhdenik  upìjesh gia ìlec tic timèc tou α.

• Sto sq ma (2.8b) exet�zetai grafik� h euaisjhsÐa tou logarÐjmou tou par�go-
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nta Bayes gia tic di�forec timèc tic paramètrou δ ∈ [0, 1], sthn genik  morf 
thc ek twn protèrwn katanom c Gamma(δnλo, δn), upì ton deigmatikì mèso
λo = 1.25. Gia thn katanom  Gamma(δnλo, δn), me E(λ) = λo kai V ar(λ) =
λo

δn , kaj¸c to δ → 1, o BF aux�netai, dÐnontac polÔ isqur  èndeixh upèr thc
H1. Upì ton deigmatikì mèso λo = 1.25, deqìmaste thn mhdenik  upìjesh gia
ìlec tic timèc tou δ.

(a) (b)

Sq ma 2.8: Grafik  apeikìnish thc euaisjhsÐac tou logarÐjmou tou par�gonta Bayes gia tic di�forec timèc
(a) thc paramètrou α thc ek twn protèrwn katanom c Gamma(α, 1) kai (b) thc paramètrou δ ∈ [0, 1] thc ek
twn protèrwn katanom c Gamma(δnλo, δn) (Par�deigma 2.4.2).

2.5 'Elegqoc upojèsewn gia èna deÐgma apì katanom  Binomial

JewroÔme tuqaÐo deÐgma megèjouc n (i = 1, . . . , n) apì thn katanom  Binomial

me par�metro π. Jèloume na elègxoume thn isìthta miac analogÐac stoiqeÐwn
enìc plhjusmoÔ me mia sugkekrimènh tim  πo.

H0 : π = πo vs H1 : π 6= πo

Ta montèla pou antiproswpeÔoun tic parap�nw upojèseic eÐnai antÐstoiqa

M0 : yi ∼ Binomial(Ni, πo) kai M1 : yi ∼ Binomial(Ni, π)
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Gia to montèlo M0 ìpou h par�metroc πo eÐnai gnwst  kai ìqi proc ektÐmhsh,
to olokl rwma (2.1) isoÔtai me thn sun�rthsh pijanof�neiac

f(yyy|M0) = L(πo;yyy) ∝ π
∑

yi
o (1− πo)

N−∑
yi, ìpou N =

n∑
i=1

Ni

Gia to montèlo M1, epeid  h par�metroc π eÐnai �gnwsth kai �ra proc ektÐmhsh,
upologÐzetai arqik� h sun�rthsh pijanof�neiac L(π;yyy) ∝ π

∑
yi(1− π)N−∑

yi.
Sth sunèqeia upojètoume ìti h ek twn protèrwn pepoÐjhsh mac gia thn par�metro
π mporeÐ na ekfrasteÐ me thn bo jeia miac Beta katanom c. Apì to je¸rhma
tou Bayes upologÐzetai arqik� h ek twn ustèrwn katanom  kai sth sunèqeia
upologÐzetai to olokl rwma (2.1).

Par�gontac Bayes

UpologÐzetai o Bayes Factor gia thn sÔgkrish tou montèlou M1 ènanti tou M0.

BF10 =
p(yyy|M1)

p(yyy|Mo)
=

∑
f(yyy|π)f(π)dπ

L(πo;yyy)

=

[∏n
i=1

(
Ni

yi

)] Γ(p+q)Γ(p+
∑

yi)Γ(q+N−∑
yi)

Γ(p)Γ(q)Γ(p+q+N)[∏n
i=1

(
Ni

yi

)]
π

∑
yi

o (1− πo)N−∑
yi

=
B(p +

∑
yi, q + N −∑

yi)

B(p, q)π
∑

yi
o (1− πo)N−∑

yi

O par�gontac Bayes exart�tai apì tic ek twn protèrwn paramètrouc, to mègejoc
tou deÐgmatoc kai ta dedomèna. Stic peript¸seic ìpou to mègejoc tou deÐgmatoc
eÐnai polÔ meg�lo (n →∞) tìte o par�gontac Bayes teÐnei sto mhdèn (BF → 0)
dÐnontac polÔ isqur  èndeixh upèr thc H0. Akìma ìtan oi par�metroi p →∞ kai
q →∞ tìte h ek twn protèrwn diaspor� V ar(π) = pq

(p+q)2(p+q+1) → 0, sunep¸c
o BF →∞ dÐnontac polÔ isqur  èndeixh upèr thc H1.
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2.5.1 Par�deigma me prosomoiwmèna dedomèna

Prosomei¸noume 100 parathr seic (yi) apì katanom  Binomial(10, 0.5). Sto
sq ma (2.9) blèpoume to rabdìgramma twn parathr sewn. Elègqoume an h
analogÐa tou deÐgmatoc diafèrei shmantik� apì tic timèc πo = 0.45, πo = 0.47,
πo = 0.49, πo = 0.5, πo = 0.51, πo = 0.53 kai πo = 0.55 dhl.

H0 : π = πo vs H1 : π 6= πo

pou ekfr�zetai apì ta montèla

M0 : yi ∼ Binomial(10, πo) kai M1 : yi ∼ Binomial(10, π)

Sq ma 2.9: Rabdìgramma prosomoiwmènwn parathr sewn apì Binomial(10, 0.5).

• 'Eqoume  dh deÐxei ìti h power ek twn protèrwn katanom  gia ta Binomial

montèla ja èqei thn morf  Beta(cyo, c(1− yo)). Gia thn �gnwsth par�metro π

ja epilèxoume treic upì peript¸seic thc.

(1) Gia c = 1 kai yo = 1
2 prokÔptei h Beta(0.5, 0.5) me E(π) = 1

2 kai V ar(π) =
1
8 , pou eÐnai h katanom  tou Jeffreys , ìpwc eÐdame sthn par�grafo 1.2.2.

(2) Gia c = 2 kai yo = 1
2 prokÔptei h Beta(1, 1) me E(π) = 1

2 kai V ar(π) = 1
12 ,

pou eÐnai h omoiìmorfh katanom  (epÐpedh katanom ).

(3) Gia c = 1 kai yo = π∗o = πo prokÔptei mia pio genik  katanom , h
Beta(πo, 1 − πo) me E(π) = πo kai V ar(π) = πo(1−πo)

2 . Jètoume yo = πo,
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diìti efìson pisteÔoume ìti h mhdenik  upìjesh axÐzei na elegqjeÐ, tìte
up�rqei ek twn protèrwn pepoÐjhsh ìti aut  eÐnai h pragmatik  thc tim  thn
opoÐa zugÐzoume wc èna epiplèon shmeÐo.

Oi katanomèc (1) kai (2) apoteloÔn upì peript¸seic thc Beta( c
2 ,

c
2), me E(π) = 1

2

kai V ar(π) = 1
4(c+1) .

• Me thn bo jeia thc R prokÔptoun oi pÐnakec (2.9), (2.10) kai (2.11). Apì
ta apotelèsmata diapist¸noume ìti oi ek twn protèrwn katanomèc Beta(0.5, 0.5)

kai Beta(πo, 1−πo) dÐnoun sqedìn ta Ðdia apotelèsmata, en¸ h katanom  Beta(1, 1)

(omoiìmorfh katanom ) mac dÐnei tic megalÔterec timèc gia ton par�gonta Bayes.

EpÐshc gia thn katanom  Beta(πo, 1−πo), parathroÔme ìti kaj¸c to πo → 0.5 o
par�gontac Bayes mei¸netai, en¸ kaj¸c to πo suneqÐzei na aux�netai, aux�netai
kai o par�gontac Bayes.

πo 0.45 0.47 0.49 0.5 0.51 0.53 0.55
BF10 5.78 0.19 0.034 0.025 0.029 0.12 2.59

log(BF )10 1.75 −1.63 −3.39 -3.67 −3.55 −2.11 0.95

'Endeixh H0 H1 H1 H1 H1 H1 H0

enantÐon thc Jetik  Jetik  Isqur  Isqur  Isqur  Jetik  Adi�forh

PÐnakac 2.9: Apotelèsmata tou par�gonta Bayes gia ek twn protèrwn katanom  Beta(0.5, 0.5).

πo 0.45 0.47 0.49 0.5 0.51 0.53 0.55
BF10 9.08 0.308 0.05 0.04 0.045 0.19 4.07

log(BF )10 2.206 −1.18 −2.94 -3.22 −3.1 −1.66 1.4

'Endeixh H0 H1 H1 H1 H1 H1 H0

enantÐon thc Jetik  Jetik  Jetik  Isqur  Isqur  Jetik  Jetik 

PÐnakac 2.10: Apotelèsmata tou par�gonta Bayes gia ek twn protèrwn katanom  Beta(1, 1).

• Sto sq ma (2.10) exet�zetai grafik� h euaisjhsÐa tou logarÐjmou tou par�go-
nta Bayes gia tic di�forec timèc tou πo. Oi orizìntiec grammèc twn sqhm�twn,
dhl¸noun ta epÐpeda ermhneÐac sÔmfwna me touc Kass & Raftery.
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πo 0.45 0.47 0.49 0.5 0.51 0.53 0.55
BF10 5.71 0.195 0.034 0.025 0.03 0.12 2.56

log(BF )10 1.74 −1.6 −3.39 -3.672 −3.55 −2.113 0.94

'Endeixh H0 H1 H1 H1 H1 H1 H0

enantÐon thc Jetik  Jetik  Isqur  Isqur  Isqur  Jetik  Adi�forh

PÐnakac 2.11: Apotelèsmata tou par�gonta Bayes gia ek twn protèrwn katanom  Beta(πo, 1− πo).

(a) (b) (g)

Sq ma 2.10: Grafik  apeikìnish thc euaisjhsÐac tou logarÐjmou tou par�gonta Bayes gia tic di�forec timèc
tou πo me ek twn protèrwn katanomèc (a) Beta(0.5, 0.5), (b) Beta(1, 1) kai (g) Beta(πo, 1− πo) (Par�deigma
2.5.1).

¦ Upì thn Beta(0.5, 0.5) apodeqìmaste thn mhdenik  upìjesh gia timèc tou
πo ∈ (0.4592, 0.5448). Gia timèc apì (0.4537, 0.4592)   (0.5448, 0.5503) h
diafor� den eÐnai �xia anafor�c.

¦ Upì thn Beta(1, 1) apodeqìmaste thn mhdenik  upìjesh gia timèc tou πo ∈
(0.4619, 0.5421). Gia timèc apì (0.4561, 0.4619)   (0.5421, 0.5479) h diafor�
den eÐnai �xia anafor�c.

¦ Upì thn Beta(πo, 1−πo) apodeqìmaste thn mhdenik  upìjesh gia timèc tou
πo ∈ (0.4591, 0.5449). Gia timèc apì (0.4537, 0.4591)   (0.5449, 0.5503) h
diafor� den eÐnai �xia anafor�c.

• Sto sq ma (2.11) blèpoume grafik� thn euaisjhsÐa tou logarÐjmou tou
par�gonta Bayes gia tic di�forec timèc thc paramètrou c sth genik  morf  thc
ek twn protèrwn katanom c Beta( c

2 ,
c
2), upì thn pragmatik  tim  tou πo = 0.5.

Gia ek twn protèrwn paramètrouc p = q = c
2 èqoume V ar(π) = 1

4(c+1) , opìte
kaj¸c c →∞, to V ar(π) → 0 kai kat' epèktash o BF aux�netai. Wstìso gia
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ìlec tic timèc thc paramètrou c , pou apeikonÐzontai sto di�gramma, deqìmaste
thn mhdenik  upìjesh.

(a) (b)

Sq ma 2.11: Grafik  apeikìnish thc euaisjhsÐac tou logarÐjmou tou par�gonta Bayes thc ek twn protèrwn
katanom c Beta( c

2 , c
2 ) wc proc (a) tic di�forec timèc tou c kai (b) thc diaspor�c thc V ar(π) = 1

4(c+1)

(Par�deigma 2.5.1).

• Sto sq ma (2.12) blèpoume grafik� thn euaisjhsÐa tou logarÐjmou tou
par�gonta Bayes gia tic di�forec timèc thc paramètrou α ∈ [0, 1] sth genik 
morf  thc ek twn protèrwn katanom c Beta(α, 1−α), upì thn pragmatik  tim 
tou πo = 0.5.

V ar(π) =
α(1− α)

2
∈

{
0− 0.125 , gia 0 ≤ α ≤ 0.5

0.125− 0 , gia 0.5 ≤ α ≤ 1

Gia tic timèc thc paramètrou 0 ≤ α ≤ 0.5 h diaspor� aux�netai, en¸ o par�gontac
Bayes ellat¸netai. Gia tic timèc thc paramètrou 0.5 ≤ α ≤ 1 h diaspor� el-
lat¸netai, en¸ o par�gontac Bayes aux�netai. Wstìso gia ìlec tic timèc thc
paramètrou α deqìmaste thn mhdenik  upìjesh. Akìma parathroÔme ìti to
di�gramma eÐnai summetrikì diìti h par�metroc πo = 0.5.
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(a) (b)

Sq ma 2.12: Grafik  apeikìnish thc euaisjhsÐac tou logarÐjmou tou par�gonta Bayes thc ek twn protèrwn
katanom c Beta(α, 1 − α) wc proc (a) tic di�forec timèc tou α ∈ [0, 1] kai (b) thc diaspor�c thc V ar(π) =
α(1−α)

2 (Par�deigma 2.5.1).

2.5.2 Par�deigma me pragmatik� dedomèna

Ta aminoxiglukosidik� (aminoglycoside) antibiotik�, par� thn isqur  toxikìth-
ta touc, eÐnai eurèwc diadedomèna sthn jerapeÐa barus mantwn arnhtik¸n kat�
gram rabdoeid¸n molÔnsewn (gram-negative bacillary inflections) metaxÔ twn
noshleuomènwn asjen¸n. Pollèc tuqaiopoihmènec klinikèc dokimèc èqoun dhmo-
sieuteÐ gia na sugkrÐnoun diaforetik� aminoxiglukosidik� antibiotik� se sqèsh
me thn drastikìthta (efficacy), thn nefrik  toxikìthta (nephrotoxocity) kai thn
oxugonotoxikìthta (oxotoxicity) touc. Epeid  oi atomikèc melètec den èqoun d¸-
sei aklìnhta sumper�smata sqetik� me ta antibiotik� (Amikacin, Gentamicin,

Netilmicin, Sisomicin & Tobramycin), efarmìzetai mia met�-an�lush (meta-

analysis) ìlwn twn dedomènwn twn tuqaiopoihmènwn dokim¸n apì to 1975 èwc
ton Septèmbrh tou 1985.

Ta dedomèna proèrqontai apì to biblÐo tou Rosner [47].

Sto par�deigma mac èqoume mia om�da apì 72 tuqaiopoihmènec atomikèc klinikèc
dokimèc sqetik� me thn nefrik  toxikìthta. Gia k�je melèth kai antibiotikì
katagr�fetai to posostì twn asjen¸n pou emfanÐzoun nefrik  toxikìthta kai
sqetikèc parenèrgeiec.
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• Gia k�je antibiotikì elègqoume an h analogÐa tou deÐgmatoc diafèrei shma-
ntik� apì thn tim  πo = 0.1. Gia na apofanjoÔme gia to poiì antibiotikì
parousi�zei tic ligìterec parenèrgeiec jètoume wc {apodeqtì} posostì pare-
nergei¸n to 10%. Gia thn �gnwsth par�metro π epilègoume mia Beta(1, 1),
wste na ekfr�soume thn ek twn protèrwn �gnoia mac gia ta dedomèna kai mia
Beta(0.1, 0.9), diìti efìson pisteÔoume ìti h mhdenik  upìjesh axÐzei na eleg-
qjeÐ, tìte pijanìn na eÐnai aut  h pragmatik  tim . Me thn bo jeia thc R

prokÔptoun oi pÐnakec pÐnakac (2.12) kai (2.13). Kai oi dÔo katanomèc mac dÐ-
noun thn Ðdia sumperasmatologÐa.

πo = 0.1 Amikacin Gentamicin Netilmicin Sisomicin Tobramycin

BF10 0.029 1.7 4588.634 326.2 3.44

log(BF )10 −3.54 0.5 8.43 5.79 1.24

'Endeixh H1 H0 H0 H0 H0

enantÐon thc Isqur  Adi�forh PolÔ Isqur  PolÔ Isqur  Jetik 

PÐnakac 2.12: Apotelèsmata tou par�gonta Bayes gia k�je antibiotikì me ek twn protèrwn katanom 
Beta(1, 1).

πo = 0.1 Amikacin Gentamicin Netilmicin Sisomicin Tobramycin

BF10 0.024 1.122 6351.49 148.89 2.11

log(BF )10 −3.75 0.115 8.756 5.003 0.75

'Endeixh H1 H0 H0 H0 H0

enantÐon thc Isqur  Adi�forh PolÔ Isqur  PolÔ Isqur  Adi�forh

PÐnakac 2.13: Apotelèsmata tou par�gonta Bayes gia k�je antibiotikì me ek twn protèrwn katanom 
Beta(0.1, 0.9).

• Sto sq ma (2.13) blèpoume grafik� ta 95% diast mata empistosÔnhc (klas-
sik  prosèggish) twn posost¸n twn atìmwn me nefrik  toxikìthta kai sqetikèc
parenèrgeiec gia k�je antibiotikì. H orizìntia eujeÐa antiproswpeÔei thn upì
èlegqo tim  πo = 0.1. Apì touc parap�nw pÐnakec kai to sq ma diapist¸noume
ìti to posostì perenergei¸n tou antibiotikoÔ Amikacin eÐnai to mìno pou den
diafèrei apì to 10%. 'Omwc to antibiotikì Netilmicin parousi�zei shmantik�
mikrìtero posostì parenergei¸n, gegonìc pou to kajist� kalÔtero se sqèsh
me ta upìloipa tèssera. Akìma apì to sq ma (2.13) diapist¸noume ìti ta an-
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tibiotik� Gentamicin, Sisomicin kai Tobramycin èqoun perÐpou to Ðdio posostì
emf�nishc nefrik c toxikìthtac, ìmwc me tic metaxÔ touc sugkrÐseic ja asqo-
lhjoÔme sto epìmeno kef�laio.

Sq ma 2.13: Errorbar me ta posost� twn atìmwn me nefrik  toxikìthta kai sqetikèc parenèrgeiec gia k�je
antibiotikì.

• Sto sq ma (2.14a) blèpoume grafik� thn euaisjhsÐa tou logarÐjmou tou
par�gonta Bayes wc proc tic timèc thc diaspor�c

(
V ar(π) = 1

4(c+1)

)
thc ek

twn protèrwn katanom c Beta( c
2 ,

c
2), gia to antibiotikì Netilmicin (upì thn

deigmatik  analogÐa πo = 0.082). Gia timèc thc paramètrou c ∈ [0.54, 1.37] h
mhdenik  upìjesh aporrÐptetai. Sto sq ma (2.14b) blèpoume grafik� thn eu-
aisjhsÐa tou logarÐjmou tou par�gonta Bayes wc proc tic timèc thc diaspor�c(
V ar(π) = α(1−α)

2

)
thc ek twn protèrwn katanom c Beta(α, 1− α), gia to an-

tibiotikì Netilmicin (upì thn deigmatik  analogÐa πo = 0.082). Gia timèc thc
paramètrou α ∈ [0.042, 0.688] h mhdenik  upìjesh aporrÐptetai. ParathroÔme
ìti to di�gramma wc proc thn diaspor� den eÐnai summetrikì ìpwc eÐqame dei sto
sq ma (2.12), giatÐ ed¸ h deigmatik  analogÐa πo = 0.082 6= 0.5.

• Sto sq ma (2.15) blèpoume grafik� thn euaisjhsÐa tou logarÐjmou tou
par�gonta Bayes gia tic di�forec timèc thc paramètrou c kai thc diaspor�c
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(a) (b)

Sq ma 2.14: Grafik  apeikìnish thc euaisjhsÐac tou logarÐjmou tou par�gonta Bayes gia tic di�forec timèc
(a) thc diaspor�c thc ek twn protèrwn katanom c Beta( c

2 , c
2 ) kai (b) thc diaspor�c thc ek twn protèrwn

katanom c Beta(α, 1− α), gia to antibiotikì Netilmicin (Par�deigma 2.5.2).

(
V ar(π) = πo(1−πo)

c+1

)
, thc ek twn protèrwn katanom c Beta(cπo, c(1− πo)) gia

to antibiotikì Netilmicin (upì thn deigmatik  analogÐa πo = 0.082). Gia timèc
thc paramètrou c > 0.6 h mhdenik  upìjesh aporrÐptetai.

(a) (b)

Sq ma 2.15: Grafik  apeikìnish thc euaisjhsÐac tou logarÐjmou tou par�gonta Bayes gia tic di�forec
timèc (a) thc paramètrou c kai (b) thc diaspor�c

(
V ar(π) = πo(1−πo)

c+1

)
, thc ek twn protèrwn katanom c

Beta(cπo, c(1 − πo)) gia to antibiotikì Netilmicin (upì thn deigmatik  analogÐa πo = 0.082) (Par�deigma
2.5.2).
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2.6 'EpÐlogoc

Sto deÔtero kef�laio orÐsame kai upologÐsame ton par�gonta Bayes ston èlegqo
upojèsewn enìc deÐgmatoc apì tic katanomèc Poisson kai Binomial. Arqik�
asqolhj kame me prosomeiwmèna dedomèna me skopì na melet soume thn eu-
aisjhsÐa tou par�gonta Bayes se sqèsh me tic upì èlegqo timèc thc paramètrou
kai tic diasporèc twn ek twn protèrwn katanom¸n. ProteÐname ek twn protèrwn
katanomèc pou eÐte ekfr�zoun thn �gnoia mac gia ta dedomèna, eÐte uposthrÐzoun
thn mhdenik  upìjesh pou melet�me, eÐte tÐpota apì ta dÔo. Diapist¸same ìti h
epilog  twn ek twn protèrwn katanom¸n eÐnai to shmantikìtero kai duskolìtero
st�dio thc an�lushc, k�je MpeuzianoÔ statistikoÔ, lìgw tou paradìxou tou
Lindley. 'Otan h diaspor� auxanìtan tìte o par�gontac Bayes meiwnìtan kai
antÐstrofa. Bèbaia se sqèsh me touc klassikoÔc elègqouc (p − value), o
par�gontac Bayes eÐnai pio aplìc kai mac dÐnei mia �mesh ermhneÐa tou kat� pìso
isqÔei h mhdenik  upìjesh.



Kef�laio 3

'Elegqoc Upojèsewn gia DÔo
DeÐgmata

3.1 'Elegqoc upojèsewn gia dÔo anex�rthta deÐgmata apì
katanom  Poisson

JewroÔme dÔo tuqaÐa anex�rthta deÐgmata

yyy1 = (y11, y21, . . . , yn11) & yyy2 = (y12, y22, . . . , yn22)

megèjouc n1 & n2 antÐstoiqa apì katanom  Poisson. Jèloume na elègxoume thn
upìjesh ìti

H0 : λ1 = λ2 = λ vs H1 : λ1 6= λ2

Ta antÐstoiqa montèla pou antiproswpeÔoun oi parap�nw upojèseic mac eÐnai :

M0 : yyy1 ∼ Poisson(λ) M1 : yyy1 ∼ Poisson(λ1)

yyy2 ∼ Poisson(λ) yyy2 ∼ Poisson(λ2)

Gia to montèlo M0 orÐzoume ek twn protèrwn katanom  gia thn par�metro
λ ∼ Gamma(p, q), apì thn opoÐa prokÔptei h ek twn ustèrwn f(λ|yyy) ∼
Gamma(p + Ny, q + N), ìpou N = n1 + n2, y eÐnai o mèsoc ìlwn twn de-
domènwn kai yyy = {y11, . . . , yn11, y12, . . . , yn22} = {yyy1, yyy2}.

f(yyy|M0) =

∫ ∞

0
f(yyy|λ)f(λ)dλ =

Γ(p +
∑

yi)q
p

Γ(p)(q + N)p+
∑

yiΠN
i=1yi!

45
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Gia to montèlo M1 orÐzoume tic ek twn protèrwn katanomèc twn paramètrwn
λ1 ∼ Gamma(p1, q1) kai λ2 ∼ Gamma(p2, q2).

f(yyy|M1) =

∫ ∞

0

∫ ∞

0
f(yyy|λ1, λ2,M1)f(λ1, λ2)dλ1dλ2

=

∫ ∞

0

∫ ∞

0
f(yyy1|λ1)f(yyy2|λ2)f(yyy1)f(yyy2)dλ1dλ2

=

∫ ∞

0
f(yyy1|λ1)f(yyy1)dλ1 ×

∫ ∞

0
f(yyy2|λ2)f(yyy2)dλ2

=
Γ(p1 +

∑
y1i)q

p1

1 Γ(p2 +
∑

y2i)q
p2

2

Γ(p1)(q1 + n1)p1+
∑

y1iΠn1

i=1y1i!Γ(p2)(q2 + n2)p2+
∑

y2iΠn2

i=1y2i!

Par�gontac Bayes

UpologÐzetai o Bayes Factor gia thn sÔgkrish tou montèlou M1 ènanti tou M0.

BF10 =
f(yyy|M1)

f(yyy|Mo)
=

Γ(p)(q + N)p+NyΓ(p1 + n1y1)q
p1

1 Γ(p2 + n2y2)q
p2

2

Γ(p + Ny)qpΓ(p1)(q1 + n1)p1+n1y1Γ(p2)(q2 + n2)p2+n2y2

O par�gontac Bayes exart�tai apì tic ek twn protèrwn paramètrouc, to mègejoc
twn deigm�twn kai touc mèsouc touc. Stic peript¸seic ìpou to �jroisma twn
megej¸n twn deigm�twn eÐnai polÔ meg�lo (N → ∞) tìte o par�gontac Bayes

teÐnei sto mhdèn (BF → 0) dÐnontac polÔ isqur  èndeixh upèr thc H0. Akìma
ìtan oi ek twn protèrwn diasporèc aux�nontai, dhlad 

V ar(λ) =
p

q2 →∞, V ar(λ1) =
p1

q2
1
→∞, V ar(λ2) =

p2

q2
2
→∞

pou shmaÐnei ìti q, q1, q2 → 0 tìte o BF → 0 dÐnontac polÔ isqur  èndeixh
upèr thc H0.



Kef�laio 3 : 'Elegqoc Upojèsewn gia DÔo DeÐgmata 47

Epilog  thc ek twn protèrwn katanom c

Gia na ex�goume sumper�smata ja basistoÔme sthn power ek twn protèrwn
katanom , Gamma(δnyo, δn). Opìte gia δ = 1

N oi katanomèc pou ja p�roume
ja eÐnai gia thn mhdenik  kai thn enallaktik  upìjesh antÐstoiqa oi :

H0 : λ ∼ Gamma(y, 1) vs H1 : λj ∼ Gamma
(nj

N
yj,

nj

N

)
, ìpou j = 1, 2

H parap�nw sqèsh mporeÐ pio genik� na p�rei thn morf 

H0 : λ ∼ Gamma(α, 1) vs H1 : λj ∼ Gamma(wjαj, wj)

ìpou

- α = w1α1 + w2α2 - wj =
nj

N

- N = n1 + n2 - j = 1, 2

Apì thn genik  morf  thc ek twn protèrwn katanom c diakrÐnoume tic ex c
peript¸seic :

¦ An α1 = α2 = α tìte gia ta λ kai λj, ja p�roume tic ek twn protèrwn
katanomèc λ ∼ Gamma(α, 1) kai λj ∼ Gamma

(nj

N α,
nj

N

)
.

¦ An α1 = α2 = α kai epiplèon n1 = n2 tìte gia ta λ kai λj, ja p�roume tic
ek twn protèrwn katanomèc λ ∼ Gamma(α, 1), kai λj ∼ Gamma(α

2 , 1
2).

- Gia α = 1 prokÔptoun oi ek twn protèrwn katanomèc

λ ∼ Gamma(1, 1) & λj ∼ Gamma

(
1

2
,

1

2

)

me E(λ) = V ar(λ) = 1 kai E(λj) = 1 & V ar(λj) = 2.

- Gia α = y (deigmatikìc mèsoc) prokÔptoun oi ek twn protèrwn katanomèc

λ ∼ Gamma(y, 1) & λj ∼ Gamma

(
y

2
,

1

2

)

me E(λ) = V ar(λ) = y kai E(λj) = y & V ar(λj) = 2y, pou eÐnai
Empirical Bayes Priors diìti basÐzontai sta parathroÔmena dedomèna.
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3.1.1 Par�deigma (1) me prosomoiwmèna dedomèna

Prosomei¸noume 100 parathr seic apì katanom  Poisson(5) kai 100 parathr -
seic apì katanom  Poisson(2). Sto sq ma (3.1) blèpoume ta rabdogr�mmata
twn parathr sewn.

(a) (b)

Sq ma 3.1: Rabdìgramma prosomoiwmènwn parathr sewn apì (a) Poisson(5) kai (b) Poisson(2).

• Gia tic paramètrouc λ, λ1 kai λ2 antÐstoiqa, epilègoume tic ek twn protèrwn
katanomèc

¦ prior 1 : λ ∼ Gamma(1, 1), λ1, λ2 ∼ Gamma
(1

2 ,
1
2

)

¦ prior 2 : λ ∼ Gamma(y, 1), λ1, λ2 ∼ Gamma
(

y
2 ,

1
2

)

• Me thn bo jeia thc R prokÔptei o pÐnakac (3.1). Apì ton pÐnaka sumperaÐ-
noume ìti o sunduasmìc prior 1 mac dÐnei thn mikrìterh tim  gia ton par�gonta
Bayes. 'Omwc kai oi dÔo sunduasmoÐ aporrÐptoun thn mhdenik  upìjesh, dhlad 
ta dÔo deÐgmata èqoun diaforetikoÔc mèsouc.

prior 1 prior 2

BF10 5.32× 1027 9.19× 1027

log(BF )10 63.84 64.39
'Endeixh H0 H0

enantÐon thc PolÔ isqur  PolÔ isqur 

PÐnakac 3.1: Apotelèsmata tou par�gonta Bayes gia touc sunduasmoÔc ek twn protèrwn katanom¸n twn
paramètrwn.
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Sq ma 3.2: Grafik  apeikìnish thc euaisjhsÐac tou logarÐjmou tou par�gonta Bayes wc proc tic di�forec
timèc thc paramètrou α gia thn genik  morf  twn dÔo sunduasm¸n, dhlad  λ ∼ Gamma(α, 1), λ1, λ2 ∼
Gamma

(
α
2 , 1

2

)
(Par�deigma 3.1.1).

• Sto sq ma (3.2) blèpoume grafik� thn euaisjhsÐa tou logarÐjmou tou par�go-
nta Bayes gia tic di�forec timèc thc paramètrou α sthn genik  morf  twn sundu-
asm¸n ek twn protèrwn katanom¸n gia tic paramètrouc λ, λ1 kai λ2 antÐstoiqa.

[¦] Genik  morf : λ ∼ Gamma(α, 1), λ1, λ2 ∼ Gamma
(

α
2 , 1

2

)

Upì thn genik  morf  twn sunduasm¸n, h mhdenik  upìjesh aporrÐptetai gia
timèc thc paramètrou α ∈ (0, 4 × 104), gia timèc α ∈ (4 × 104, 1.7 × 1014) h
diafor� den eÐnai �xia anafor�c, en¸ gia timèc thc paramètrou α > 1.7 × 1014

apodeqìmaste thn mhdenik  upìjesh.

3.1.2 Par�deigma (2) me prosomoiwmèna dedomèna

Prosomei¸noume 100 parathr seic apì katanom  Poisson(5) kai 100 parathr -
seic apì katanom  Poisson(4.9). Sto sq ma (3.3) blèpoume ta rabdogr�mmata
twn parathr sewn.

• Gia tic paramètrouc λ, λ1 kai λ2 antÐstoiqa, epilègoume tic ek twn protèrwn
katanomèc

¦ prior 1 : λ ∼ Gamma(1, 1), λ1, λ2 ∼ Gamma
(1

2 ,
1
2

)

¦ prior 2 : λ ∼ Gamma(y, 1), λ1, λ2 ∼ Gamma
(

y
2 ,

1
2

)

• Me thn bo jeia thc R prokÔptei o pÐnakac (3.2). Apì ton pÐnaka sumperaÐ-



Kef�laio 3 : 'Elegqoc Upojèsewn gia DÔo DeÐgmata 50

(a) (b)

Sq ma 3.3: Rabdìgramma prosomoiwmènwn parathr sewn apì (a) Poisson(5) kai (b) Poisson(4.9).

noume ìti o sunduasmìc prior 1 mac dÐnei thn mikrìterh tim  gia ton par�gonta
Bayes. 'Omwc, kai oi dÔo sunduasmoÐ aporrÐptoun thn enallaktik  upìjesh,
dhlad  ta dÔo deÐgmata èqoun Ðsouc mèsouc.

prior 1 prior 2

BF10 0.049 0.129

log(BF )10 −3.018 -2.048
'Endeixh H1 H1

enantÐon thc Isqur  Jetik 

PÐnakac 3.2: Apotelèsmata tou par�gonta Bayes gia touc sunduasmoÔc ek twn protèrwn katanom¸n twn
paramètrwn.

• Sto sq ma (3.4a) blèpoume grafik� thn euaisjhsÐa tou logarÐjmou tou
par�gonta Bayes gia tic di�forec timèc thc paramètrou α sthn genik  morf 
twn sunduasm¸n ek twn protèrwn katanom¸n gia tic paramètrouc λ, λ1 kai λ2.

[¦] Genik  morf : λ ∼ Gamma(α, 1), λ1, λ2 ∼ Gamma
(

α
2 , 1

2

)

Upì thn genik  morf  twn sunduasm¸n, faÐnetai ìti gia èna meg�lo eÔroc tim¸n
thc paramètrou α apodeqìmaste thn mhdenik  upìjesh. Apì to sq ma (3.4a)
prokÔptei to sumpèrasma ìti den isqÔei to par�doxo tou Lindley epeid  kaj¸c
to α aux�netai, aux�netai kai o par�gontac Bayes. Aut  h aÐsjhsh eÐnai yeud c
diìti gia megalÔterec timèc thc paramètrou α o par�gontac Bayes ellat¸netai
(bl. sq ma (3.4b) ). EpÐshc to sq ma (3.4b) dÐnei thn entÔpwsh ìti gia k�poiec
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(a) (b)

Sq ma 3.4: Grafik  apeikìnish thc euaisjhsÐac tou logarÐjmou tou par�gonta Bayes gia diaforetikì eÔroc
tim¸n thc paramètrou α gia thn genik  morf  twn dÔo sunduasm¸n : λ ∼ Gamma(α, 1), λ1, λ2 ∼
Gamma

(
α
2 , 1

2

)
, ìpou (a) α ∈ [0, 1000] kai (b) α ∈ [103, 105] (Par�deigma 3.1.2).

timèc thc paramètrou α aporrÐptoume thn mhdenik  upìjesh. OÔte autì ìmwc
isqÔei diìti oi timèc autèc dÐnoun timèc ston par�gonta Bayes lÐgo p�nw apì to
mhdèn, ìpou ìmwc h diafor� den eÐnai �xia anafor�c. Opìte apodeqìmaste thn
mhdenik  upìjesh.

3.1.3 Par�deigma me pragmatik� dedomèna

Ja suneqÐsoume to par�deigma thc paragr�fou 2.4.2. Ja exet�soume to pl joc
twn farmakeutik¸n agwg¸n pou qorhgoÔntai me iatrik  suntag    mh, tic teleu-
taÐec 2 mèrec se sqèsh me to fÔlo (133 �ndrec kai 167 gunaÐkec). Sto sq ma
(3.5) blèpoume ta rabdogr�mmata twn parathr sewn.
• Gia tic paramètrouc λ, λ1 kai λ2 antÐstoiqa, epilègoume tic ek twn protèrwn
katanomèc

¦ prior 1 : λ ∼ Gamma(1, 1), λ1, λ2 ∼ Gamma
(1

2 ,
1
2

)

¦ prior 2 : λ ∼ Gamma(y, 1), λ1, λ2 ∼ Gamma
(

y
2 ,

1
2

)

• Me thn bo jeia thc R prokÔptei o pÐnakac (3.3). Apì ton pÐnaka sumperaÐ-
noume ìti o sunduasmìc prior 1 mac dÐnei thn mikrìterh tim  gia ton par�gonta
Bayes. 'Omwc kai oi dÔo sunduasmoÐ aporrÐptoun thn mhdenik  upìjesh, dhlad 
ta dÔo deÐgmata èqoun diaforetikoÔc mèsouc, me tic gunaÐkec na xepernoÔn touc
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(a) (b)

Sq ma 3.5: Rabdìgramma twn parathr sewn gia (a) touc �ndrec kai (b) tic gunaÐkec.

�ndrec sth l yh farmakeutik¸n agwg¸n. Den ja mporoÔsame ìmwc na isquri-
stoÔme ìti autì shmaÐnei pwc oi gunaÐkec arrwstaÐnoun perissìtero apì touc
�ndrec, all� pijanìn h diafor� na ofeÐletai se �llouc par�gontec ìpwc ìti:

- oi gunaÐkec episkèftontai pio suqn� ton giatrì touc  

- oi gunaÐkec qrhsimopoioÔn perissìtera farmakeutik� kalluntik�, sumplhr¸-
mata diatrof c, f�rmaka gia thn akm  k.a.

prior 1 prior 2

BF10 34.6 39.78

log(BF )10 3.54 3.68
'Endeixh H0 H0

enantÐon thc Isqur  Isqur 

PÐnakac 3.3: Apotelèsmata tou par�gonta Bayes gia touc sunduasmoÔc ek twn protèrwn katanom¸n twn
paramètrwn.

• Sto sq ma (3.6) blèpoume grafik� thn euaisjhsÐa tou logarÐjmou tou par�go-
nta Bayes gia tic di�forec timèc thc paramètrou α sthn genik  morf  twn sundu-
asm¸n ek twn protèrwn katanom¸n gia tic paramètrouc λ, λ1 kai λ2 antÐstoiqa.

[¦] prior 1 & 2: λ ∼ Gamma(α, 1), λ1, λ2 ∼ Gamma
(

α
2 , 1

2

)

Upì thn genik  morf  twn sunduasm¸n, gia tic timèc pou apeikonÐzontai sto
sq ma (3.6) h mhdenik  upìjesh aporrÐptetai.
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Sq ma 3.6: Grafik  apeikìnish thc euaisjhsÐac tou logarÐjmou tou par�gonta Bayes gia tic di�forec timèc
thc paramètrou α gia thn genik  morf  twn dÔo sunduasm¸n : λ ∼ Gamma(α, 1), λ1, λ2 ∼ Gamma

(
α
2 , 1

2

)

(Par�deigma 3.1.3).

3.2 'Elegqoc upojèsewn gia dÔo anex�rthta deÐgmata apì
katanom  Binomial

JewroÔme dÔo (j = 1, 2) tuqaÐa anex�rthta deÐgmata.

yyy1 = (y11, y21, . . . , yn11) & yyy2 = (y12, y22, . . . , yn22)

megèjouc n1 & n2 (n = n1 + n2) antÐstoiqa apì Binomial katanom .

Jèloume na elègxoume thn upìjesh ìti

H0 : π1 = π2 = π vs H1 : π1 6= π2

Ta antÐstoiqa montèla pou antiproswpeÔoun oi parap�nw upojèseic mac eÐnai :

M0 : yyy1 ∼ Binomial(Ni1, π) M1 : yyy1 ∼ Binomial(Ni1, π1)

yyy2 ∼ Binomial(Ni2, π) yyy2 ∼ Binomial(Ni2, π2)

Gia to mhdenikì montèlo M0 orÐzoume thn ek twn protèrwn π ∼ Beta(αo, βo),
opìte h ek twn ustèrwn katanom  ja eÐnai h

f(π|yyy) ∼ Beta(αo +
n∑

i=1

yi, βo + N −
n∑

i=1

yi)

ìpou N = N.1 + N.2, N.1 =
∑n1

i=1 Ni1, N.2 =
∑n2

i=1 Ni2 kai yyy = {yyy1, yyy2}.
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f(yyy|M0) =
Γ(αo + βo)Γ(αo +

∑
yi)Γ(βo + N −∑

yi)

Γ(αo + βo + N)Γ(αo)Γ(βo)

n∏

i=1

2∏

j=1

(
Nij

yij

)

Gia to enallaktikì montèlo M1 orÐzoume tic ek twn protèrwn katanomèc twn
paramètrwn π1 ∼ Beta(α1, β1) kai π2 ∼ Beta(α2, β2) opìte paÐrnoume

f(yyy|M1) =

∫ 1

o

∫ 1

o

f(yyy|π1, π2,M1)f(π1, π2)dπ1dπ2

=
Γ(α1 + β1)Γ(α1 +

∑n1

i=1 yi1)Γ(β1 + N.1 −
∑n1

i=1 yi1)

Γ(α1 + β1 + N.1)Γ(α1)Γ(β1)

n1∏
i=1

(
Ni1

yi1

)

× Γ(α2 + β2)Γ(α2 +
∑n2

i=1 yi2)Γ(β2 + N.2 −
∑n2

i=1 yi2)

Γ(α2 + β2 + N.2)Γ(α2)Γ(β2)

n2∏

i=1

(
Ni2

yi2

)

Par�gontac Bayes

UpologÐzetai o Bayes Factor gia thn sÔgkrish tou montèlou M1 ènanti tou M0.

BF10 =
B(αo, βo)

B(αo + N y, βo + N −N y)

× B(α1 + N.1 y1, β1 + N.1 −N.1 y1)

B(α1, β1)

× B(α2 + N.2 y2, β2 + N.2 −N.2 y2)

B(α2, β2)

O par�gontac Bayes exart�tai apì tic ek twn protèrwn paramètrouc, to mègejoc
twn deigm�twn kai touc mèsouc touc. Stic peript¸seic ìpou to �jroisma twn
megej¸n twn deigm�twn eÐnai polÔ meg�lo (n → ∞) tìte o par�gontac Bayes

ellat¸netai dÐnontac polÔ isqur  èndeixh upèr thc H0. Akìma ìtan oi ek twn
protèrwn par�metroi teÐnoun sto �peiro, tìte oi ek twn protèrwn diasporèc
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teÐnoun sto mhdèn (p.q. V ar(π) = pq
(p+q)2(p+q+1) → 0) kai o par�gontac Bayes

teÐnei sto �peiro (BF →∞), dÐnontac polÔ isqur  èndeixh upèr thc H1.

Epilog  thc ek twn protèrwn katanom c

Gia na ex�goume sumper�smata ja basistoÔme sthn power ek twn protèrwn
katanom , Beta(Noδyo, Noδ(1 − yo)). Opìte gia δ = 1

No
oi katanomèc pou ja

p�roume ja eÐnai gia thn mhdenik  kai thn enallaktik  upìjesh antÐstoiqa oi :

H0 : π ∼ Beta (y, (1− y)) vs H1 : πj ∼ Beta

(
Nj

N
yj,

Nj

N
(1− yj)

)

'Opou y kai yj eÐnai oi deigmatikèc diwnumikèc analogÐec. H parap�nw sqèsh
mporeÐ pio genik� na p�rei thn morf 

H0 : π ∼ Beta(α, 1− α) vs H1 : πj ∼ Beta(wjαj, wj(1− αj))

ìpou

- α = w1α1 + w2α2 - wj =
Nj

N

- N = N1 + N2 - j = 1, 2

Apì thn genik  morf  thc ek twn protèrwn katanom c diakrÐnoume tic ex c
peript¸seic :

¦ An α1 = α2 = α : α ∈ (0, 1) tìte ja èqoume tic ek twn protèrwn
katanomèc π ∼ Beta(α, 1− α) kai πj ∼ Beta

(
Nj

N α,
Nj

N (1− α)
)
.

- Gia α = 1
2 prokÔptoun oi ek twn protèrwn katanomèc

π ∼ Beta

(
1

2
,
1

2

)
& πj ∼ Beta

(
Nj

2N
,

Nj

2N

)

ìpou ja èqoume mia Jeffreys priors gia thn mhdenik  upìjesh. Jètoume
α = 1

2 diìti eÐnai to kèntro thc katanom c kai jewroÔme ìti to kèntro
eÐnai h pio oudèterh tim .

- Gia α = y prokÔptoun oi ek twn protèrwn katanomèc

π ∼ Beta(y, 1− y) & πj ∼ Beta

(
Nj

N
y,

Nj

N
(1− y)

)
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me E(π) = y, V ar(π) = y(1−y)
2 kai E(πj) = y & V ar(πj) = y(1−y)

Nj
N +1

, pou
eÐnai Empirical Bayes Priors.

¦ An α1 = α2 = α kai epiplèon N1 = N2 tìte ja p�roume tic ek twn protèrwn
katanomèc π ∼ Beta(α, 1− α) kai πj ∼ Beta

(
α
2 , 1

2(1− α)
)
.

¦ Endiafèron èqei epÐshc na melet soume thn Beta( c
2 ,

c
2) ek twn protèrwn

katanom 
[
E(π) = 1

2 & V ar(π) = 1
4(c+1)

]
, pou eÐnai upì perÐptwsh thc pow-

er ek twn protèrwn gia yo = 1
2 , kai idiaÐtera tic upì peript¸seic :

- Gia c = 1, oi ek twn protèrwn katanomèc pou ja prokÔyoun gia ta π kai
πj, ja eÐnai ìlec Beta(1, 1) (Omoiìmorfh katanom ).

- Gia c = 1
2 , oi ek twn protèrwn katanomèc pou ja prokÔyoun gia ta π

kai πj, ja eÐnai ìlec Beta(1
2 ,

1
2) (Jeffreys katanom ).

3.2.1 Par�deigma (1) me prosomoiwmèna dedomèna

Prosomei¸noume 100 parathr seic apì katanom  Binomial(10, 0.5) kai 100
parathr seic apì katanom  Binomial(10, 0.5). Sto sq ma (3.7) blèpoume ta
rabdogr�mmata twn parathr sewn.

(a) (b)

Sq ma 3.7: Rabdìgramma prosomoiwmènwn parathr sewn apì Binomial(0.5).

• Gia tic paramètrouc π, π1 kai π2 antÐstoiqa, epilègoume tic ek twn protèrwn
katanomèc
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¦ prior 1 : π ∼ Beta
(1

2 ,
1
2

)
, πj ∼ Beta

(
Nj

2N ,
Nj

2N

)

¦ prior 2 : π ∼ Beta(y, 1− y), πj ∼ Beta
(

Nj

N y,
Nj

N (1− y)
)

¦ prior 3 : π ∼ Beta
(1

2 ,
1
2

)
, πj ∼ Beta

(1
2 ,

1
2

)

¦ prior 4 : π ∼ Beta(1, 1), πj ∼ Beta(1, 1), ìpou j = 1, 2

• Me thn bo jeia thc R prokÔptei o pÐnakac (3.4). Diapist¸noume ìti oi sun-
duasmoÐ prior 1 kai prior 2 pou eÐnai upì perist¸seic thc Ðdiac genik c morf c,
dÐnoun sqedìn tic Ðdiec timèc gia ton par�gonta Bayes. To Ðdio sumbaÐnei kai
gia touc sunduasmoÔc prior 3 kai prior 4. Wstìso kai oi tèsseric sunduasmoÐ
dÐnoun thn Ðdia sumperasmatologÐa.

prior 1 prior 2 prior 3 prior 4

BF10 0.075 0.0749 0.209 0.326
log(BF )10 −2.589 -2.59 −1.567 -1.119
'Endeixh H1 H1 H1 H1

enantÐon thc Jetik  Jetik  Jetik  Jetik 

PÐnakac 3.4: Apotelèsmata tou par�gonta Bayes gia touc tèsseric sunduasmoÔc ek twn protèrwn katanom¸n
twn paramètrwn.

• Sto sq ma (3.8) blèpoume grafik� thn euaisjhsÐa tou logarÐjmou tou par�go-
nta Bayes gia tic di�forec timèc twn paramètrwn α & c sthn genik  morf 
twn sunduasm¸n ek twn protèrwn katanom¸n gia tic paramètrouc π, π1 kai π2

antÐstoiqa.

¦ Genik  morf  1: π ∼ Beta(α, 1− α), πj ∼ Beta
(

Nj

N α,
Nj

N (1− α)
)

Upì genik  morf  twn dÔo pr¸twn sunduasm¸n, faÐnetai ìti gia ìlec tic
timèc thc paramètrou α apodeqìmaste thn mhdenik  upìjesh.

¦ Genik  morf  2: π ∼ Beta
(

c
2 ,

c
2

)
, πj ∼ Beta

(
c
2 ,

c
2

)

Upì thn genik  morf  tou trÐtou kai tètartou sunduasmoÔ, faÐnetai epÐshc
ìti gia ìlec tic timèc thc paramètrou c apodeqìmaste thn mhdenik  upìjesh.
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(a) (b)

Sq ma 3.8: Grafik  apeikìnish thc euaisjhsÐac tou logarÐjmou tou par�gonta Bayes gia tic di�forec timèc
twn paramètrwn α & c gia (a) thn genik  morf  1: π ∼ Beta(α, 1− α), πj ∼ Beta

(
Nj

N α,
Nj

N (1− α)
)

kai
(b) thn genik  morf  2: π ∼ Beta

(
c
2 , c

2

)
, πj ∼ Beta

(
c
2 , c

2

)
(Par�deigma 3.2.1).

3.2.2 Par�deigma (2) me prosomoiwmèna dedomèna

Prosomei¸noume 100 parathr seic apì katanom  Binomial(10, 0.3) kai 100
parathr seic apì katanom  Binomial(10, 0.7). Sto sq ma (3.9) blèpoume ta
rabdogr�mmata twn parathr sewn.
• Gia tic paramètrouc π, π1 kai π2 antÐstoiqa, epilègoume tic ek twn protèrwn
katanomèc

¦ prior 1 : π ∼ Beta
(1

2 ,
1
2

)
, πj ∼ Beta

(
Nj

2N ,
Nj

2N

)

¦ prior 2 : π ∼ Beta(y, 1− y), πj ∼ Beta
(

Nj

N y,
Nj

N (1− y)
)

¦ prior 3 : π ∼ Beta
(1

2 ,
1
2

)
, πj ∼ Beta

(1
2 ,

1
2

)

¦ prior 4 : π ∼ Beta(1, 1), πj ∼ Beta(1, 1), ìpou j = 1, 2

• Me thn bo jeia thc R prokÔptei o pÐnakac (3.5). 'Opwc kai sto prohgoÔmeno
par�deigma, oi sunduasmoÐ prior 1 kai prior 2 dÐnoun sqedìn tic Ðdiec timèc gia
ton par�gonta Bayes kai to Ðdio sumbaÐnei gia touc sunduasmoÔc prior 3 kai
prior 4. Wstìso kai oi tèsseric sunduasmoÐ dÐnoun thn Ðdia sumperasmatologÐa.

• Sto sq ma (3.10) blèpoume grafik� thn euaisjhsÐa tou logarÐjmou tou
par�go-nta Bayes gia tic di�forec timèc twn paramètrwn α & c sthn genik 
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(a) (b)

Sq ma 3.9: Rabdìgramma prosomoiwmènwn parathr sewn apì (a) Binomial(0.3) kai (b) Binomial(0.7).

prior prior 1 prior 2 prior 3 prior 4

BF10 5.604× 1082 5.599× 1082 1.4× 1083 1.79× 1083

log(BF )10 1.905× 102 1.9× 102 1.92× 102 1.92× 102

'Endeixh H0 H0 H0 H0

enantÐon thc PolÔ Isqur  PolÔ Isqur  PolÔ Isqur  PolÔ Isqur 

PÐnakac 3.5: Apotelèsmata tou par�gonta Bayes gia touc tèsseric sunduasmoÔc ek twn protèrwn katanom¸n
twn paramètrwn.

morf  twn sunduasm¸n ek twn protèrwn katanom¸n gia tic paramètrouc π, π1

kai π2 antÐstoiqa.

¦ Genik  morf  1: π ∼ Beta(α, 1− α), πj ∼ Beta
(

Nj

N α,
Nj

N (1− α)
)

Upì genik  morf  twn dÔo pr¸twn sunduasm¸n, gia ìlec tic timèc thc
paramètrou α ∈ (0, 1) aporrÐptoume thn mhdenik  upìjesh.

¦ Genik  morf  2: π ∼ Beta
(

c
2 ,

c
2

)
, πj ∼ Beta

(
c
2 ,

c
2

)

Upì thn genik  morf  tou trÐtou kai tètartou sunduasmoÔ, h mhdenik  up-
ìjesh aporrÐptetai gia timèc thc paramètrou c ∈ (0, 105).

3.2.3 Par�deigma me pragmatik� dedomèna

Sunèqeia apì to par�deigma thc paragr�fou 2.5.2. SugkrÐnoume an� dÔo ta
pènte antibiotik� (Amikacin[1], Gentamicin[2], Netilmicin[3], Sisomicin[4], To-

bramycin[5]) epilègontac thn ek twn protèrwn katanom  Beta(1
2 ,

1
2), pou eÐnai

mia arket� plhroforiak  ek twn protèrwn me mèso E(π) = 1
2 kai V ar(π) = 1

8 .
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(a) (b)

Sq ma 3.10: Grafik  apeikìnish thc euaisjhsÐac tou logarÐjmou tou par�gonta Bayes gia tic di�forec timèc
twn paramètrwn α & c gia (a) thn genik  morf  1: π ∼ Beta(α, 1− α), πj ∼ Beta

(
Nj

N α,
Nj

N (1− α)
)

kai
(b) thn genik  morf  2: π ∼ Beta

(
c
2 , c

2

)
, πj ∼ Beta

(
c
2 , c

2

)
(Par�deigma 3.2.2).

• Me thn bo jeia thc R prokÔptoun oi pÐnakec (3.6) kai (3.7). Apì touc pÐ-
nakec (3.6) kai (3.7) kaj¸c kai apì to sq ma (3.11) mporoÔme na sumper�noume
ìti ta antibiotik� Gentamicin[2], Sisomicin[4] kai Tobramycin[5] èqoun perÐpou
to Ðdio posostì emf�nishc nefrik c toxikìthtac. To Amikacin[1] dÐnei perÐpou
to Ðdio posostì me to Gentamicin[2], ìmwc to Netilmicin[3] eÐnai ekeÐno pou
diafèrei shmantik� me ìla ta upìloipa kai dÐnei to mikrìtero posostì emf�nishc
nefrik c toxikìthtac.

ZeÔgh sugkrÐsewn [1]− [2] [1]− [3] [1]− [4] [1]− [5] [4]− [5]

BF10 0.196 8.989 41.89 0.52 0.47

log(BF )10 −1.629 2.196 3.735 -0.65 −0.75

'Endeixh H1 H0 H0 H1 H1

enantÐon thc Jetik  Jetik  Isqur  Adi�forh Adi�forh

PÐnakac 3.6: Apotelèsmata tou par�gonta Bayes gia tic an� dÔo sugkrÐseic upì thn Beta( 1
2 , 1

2 ) ek twn
protèrwn katanom .



Kef�laio 3 : 'Elegqoc Upojèsewn gia DÔo DeÐgmata 61

ZeÔgh sugkrÐsewn [2]− [3] [2]− [4] [2]− [5] [3]− [4] [3]− [5]

BF10 6.646× 105 1.968 0.0448 1.2× 107 6.68× 105

log(BF )10 1.34× 10 0.677 −3.105 1.63× 10 1.34× 10

'Endeixh H0 H0 H1 H0 H0

enantÐon thc PolÔ Isqur  Adi�forh Isqur  PolÔ Isqur  PolÔ Isqur 

PÐnakac 3.7: Apotelèsmata tou par�gonta Bayes gia tic an� dÔo sugkrÐseic upì thn Beta( 1
2 , 1

2 ) ek twn
protèrwn katanom .

Sq ma 3.11: Errorbar me ta posost� twn atìmwn me nefrik  toxikìthta kai sqetikèc parenèrgeiec gia k�je
antibiotikì (Par�deigma 3.2.3).

3.3 'Elegqoc upojèsewn gia dÔo susqetizìmena deÐgmata apì
katanom  Poisson

'Estw dÔo tuqaÐa susqetizìmena deÐgmata megèjouc n apì katanomèc Poisson.

Gr�fontac Y1 = V1 + V3 kai Y2 = V2 + V3 me Vk ∼ Poisson(λk) tìte

Y1 ∼ Poisson(λ1 + λ3) & Y2 ∼ Poisson(λ2 + λ3), kai Cov(Y1, Y2) = λ3

EÐnai profanèc ìti sthn perÐptwsh pou λ3 = 0 tìte ta deÐgmata eÐnai anex�rthta.
Jèloume na elègxoume thn upìjesh ìti

H0 : λ1 = λ2 = λ vs H1 : λ1 6= λ2



Kef�laio 3 : 'Elegqoc Upojèsewn gia DÔo DeÐgmata 62

'Opwc kai sthn klassik  statistik , upologÐzoume tic diaforèc twn parathr -
sewn, dhlad  Z = Y1 − Y2, opìte to prìblhma an�getai se prìblhma enìc
deÐgmatoc megèjouc n. H sun�rthsh pijanìthtac twn zi, i = 1, . . . , n, eÐnai
epÐshc mia diakrit  katanom , pou orÐzetai wc to sÔnolo twn akèraiwn arijm¸n
(Z).
Upojètoume ìti oi metablhtèc Y1 kai Y2, apì koinoÔ, akoloujoÔn mia Dimeta-
blht  Poisson katanom  me sun�rthsh pijanìthtac

fY1,Y2
(y1, y2|λ1, λ2, λ3) = e−(λ1+λ2+λ3)λ

y1

1

y1!

λy2

2

y2!

min(y1,y2)∑

i=0

(
y1

i

)(
y2

i

)
i!

(
λ3

λ1λ2

)i

Opìte h tuqaÐa metablht  Z ja akoloujeÐ thn Skellam katanom  me sun�rthsh
pijanìthtac

fZ(z|λ1, λ2) = e−(λ1+λ2)
(

λ1

λ2

)z/2

I|z|(2
√

λ1λ2) , z ∈ Z

ìpou Ir(x) eÐnai mia Bessel sun�rthsh r t�xhc pou orÐzetai apì ton tÔpo

Ir(x) =
(x

2

)r
∞∑

k=0

(
x2

4

)k

k!Γ(r + k + 1)

H Skellam katanom  eÐnai h katanom  pijanìthtac thc diafor�c dÔo susqe-
tizìmenwn   anex�rthtwn tuqaÐwn metablht¸n Y1 kai Y2 apì katanom  Poisson

me diaforetikoÔc mèsouc. Par' ìlo pou h katanom  thc diafor�c twn susqe-
tizìmenwn   mh tuqaÐwn metablht¸n eÐnai Ðdia, h ermhneÐa twn paramètrwn
diafèrei.

ParathroÔme ìti oi diaforèc zi den exart¸ntai apì thn sundiakÔmansh λ3 opìte
orÐzoume tic ek twn protèrwn katanomèc mìno gia tic paramètrouc λ1 kai λ2.

λ1 ∼ Gamma(α1, β1) λ2 ∼ Gamma(α2, β2)
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H sun�rthsh pijanof�neiac twn diafor¸n zi dÐnetai apì ton tÔpo

f(zzz|λ1, λ2) = e−n(λ1+λ2)
(

λ1

λ2

)(1/2)
∑

zi n∏

i=1

I|zi|(2
√

λ1λ2)

Apì ta parap�nw upologÐzetai h ek twn ustèrwn katanom  twn diafor¸n zi.

f(λ1, λ2|zzz) ∝ f(zzz|λ1, λ2)f(λ1)f(λ2)

Epeid  o upologismìc den eÐnai eÔkoloc, metasqhmatÐzoume ta dedomèna upì thn
proupìjesh ìti zi = vi − ui, eis�gontac ta lanj�nonta dedomèna :

vi ∼ Poisson(λ1) & ui ∼ Poisson(λ2)

ìpou vvv = (v1, . . . , vn) kai uuu = (u1, . . . , un).
H apì koinoÔ ek twn ustèrwn sun�rthsh pijanìthtac twn paramètrwn (λ1 & λ2)
kai twn lanj�nontwn dedomènwn (vvv & uuu) dÐnetai apì ton tÔpo:

f(v, uv, uv, u, λ1, λ2|zzz) ∝ f(zzz|v, uv, uv, u, λ1, λ2)f(λ1, λ2)

∝ e−n(λ1+λ2)λ
∑

vi

1 λ
∑

ui

2

{
n∏

i=1

g(zi = vi − ui)

vi!ui!

}
f(λ1, λ2)

∝ e−(n+β1)λ1−(n+β2)λ2λnv+α1−1
1 λnu+α2−1

2

{
n∏

i=1

g(zi = vi − ui)

vi!ui!

}

ìpou v =
∑n

i=1 vi/n kai u =
∑n

i=1 ui/n. Qrhsimopoi¸ntac thn parap�-
nw katanom  wc katanom  stìqo (target distribution) kataskeu�zetai ènac
MCMC (Markov Chain Monte Carlo) algìrijmoc ¸ste na prosomoi¸soume
tuqaÐec timèc apì aut n.

1. DeigmatolhptoÔme (vi, ui) apì thn sun�rthsh

f(vi, ui|zi = vi − ui, λ1, λ2) ∝ λvi
1 λui

2

vi!ui!
g(zi = vi − ui), i = 1, . . . , n.

2. DeigmatolhptoÔme λ1 apì thn sun�rthsh

f(λ1|λ2, vvv,uuu) ∼ Gamma(nv + α1, n + β1).
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3. DeigmatolhptoÔme λ2 apì thn sun�rthsh

f(λ2|λ1, vvv,uuu) ∼ Gamma(nu + α2, n + β2).

Gia na enhmer¸soume ta prosauxhmèna dedomèna (vi, ui) tou pr¸tou b matoc,
qrhsimopoieÐtai o akìloujoc algìrijmoc Metropolis.

• E�n zi < 0 kai (vi, ui) oi trèqousec timèc twn prosauxhmènwn dedomènwn
tìte

- ProteÐnetai v′i ∼ Poisson(λ1) kai u′i = v′i − zi.

- Deqìmaste thn parap�nw prìtash me pijanìthta α = min
{

1, λ
(v′i−vi)
2

(vi−zi)!
(v′i−zi)!

}
.

• E�n zi ≥ 0 kai (vi, ui) oi trèqousec timèc twn prosauxhmènwn dedomènwn
tìte

- ProteÐnetai u′i ∼ Poisson(λ2) kai v′i = u′i + zi.

- Deqìmaste thn parap�nw prìtash me pijanìthta α = min
{

1, λ
(u′i−ui)
1

(ui−zi)!
(u′i−zi)!

}
.

¦

'Eqontac plèon {upologÐsei} thn ek twn ustèrwn katanom  twn diafor¸n zi

proqwr�me ston upologismì tou par�gonta Bayes. Epeid  ìmwc h ektÐmhsh tou
par�gonta Bayes eÐnai polÔ pio sÔnjeth kai proupojètei thn qr sh polÔplokwn
mejìdwn MCMC, gia perissìterec leptomèreiec parapèmpoume sthn ergasÐa
twn Karlis & Ntzoufras (2006) [33].

3.4 'Elegqoc upojèsewn gia dÔo susqetizìmenec analogÐec

Gia na exet�soume dÔo susqetizìmenec analogÐec, mporoÔme na ekfr�soume
ta dedomèna me thn morf  enìc 2 × 2 pÐnaka sun�feiac kai katìpin na gÐnei o
èlegqoc thc isìthtac twn analogi¸n. Sthn klassik  statistik  o antÐstoiqoc
èlegqoc epitugq�netai me thn qr sh tou McNemar test. Akolouj¸ntac thn
Ðdia ideologÐa me to McNemar test ta keli� pou mac dÐnoun plhroforÐa eÐnai
aut� thc mh-diagwnÐou ìpou oi dÔo par�gontec diafwnoÔn. O èlegqoc mporeÐ
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na gÐnei me dÔo proseggÐseic (upì sunj kh   qwrÐc sunj kh - conditional or

unconditional) pou ìmwc katal goun ston Ðdio Bayes Factor sumfwn¸ntac me
thn jewrÐa twn meg�lwn deigm�twn (Kateri et al. 2001)[35].

QwrÐc sunj kh prosèggish (unconditional)

'Estw nij ènac 2 × 2 pÐnakac sun�feiac me tic parathroÔmenec suqnìthtec twn
dÔo susqetizìmenwn analogi¸n π1. & π.1.

(a) (b)

Sq ma 3.12: PÐnakac (a) suqnot twn kai (b) pijanot twn twn paragìntwn A & B.

Jèloume na elègxoume thn upìjesh ìti

H0 : π1. = π.1 vs H1 : π1. 6= π.1

H opoÐa metafr�zetai isodÔnama ston èlegqo thc upìjeshc ìti

H0 : π12 = π21 = π? vs H1 : π12 6= π21

Upojètoume ìti ta dedomèna akoloujoÔn Multinomial katanom  opìte

nnn = (n11, n12, n21, n22) ∼ Mult(N, π11, π12, π21, π22) :
∑
ij

πij = 1

Sthn sumperasmatologÐa twn pin�kwn sun�feiac oi pijanìthtec πij ektim¸ntai
apì tic antÐstoiqec deigmatikèc pijanìthtec pij. K�tw apì thn upìjesh thc
summetrÐac, oi mh-diag¸niec pijanìthtec (π12 & π21) ektim¸ntai apì thn sqèsh
(π12 + π21)/2. Sunep¸c oi susqetizìmenec analogÐec π1. & π.1 ektim¸ntai apì
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thn sqèsh π11 + (π12 + π21)/2.
Qrhsimopoi¸ntac mia suzhg  ek twn protèrwn katanom  gia tic pijanìthtec,
upojètoume ìti

(π11, π12, π21) ∼ Dirichlet(a11, a12, a21, a22), aij > 0

kai katal goume sthn ek twn ustèrwn

(π11, π12, π21)|nnn ∼ Dirichlet(n11 + a11, n12 + a12, n21 + a21, n22 + a22)

'Etsi gia to mhdenikì montèlo (M0) èqoume ìti (π11, π12 +π21) ja akoloujeÐ mia
Dirichlet katanom  me paramètrouc a11, a12 + a21, a22   alli¸c

(π11, 2π
?) ∼ Dirichlet(a11, a12 + a21, a22)

apì ìpou ja p�roume thn perij¸ria pijanof�neia

f(nnn|M0) =

∫ 1

o

∫ 1

o

f(nnn|π11, π
?)f(π11, π

?)dπ11dπ?

= C
Γ(ao)Γ(n11 + a11)Γ(n + a12 + a21)Γ(n22 + a22)

2nΓ(a11)Γ(a12 + a21)Γ(a22)Γ(N + ao)

En¸ gia to enallaktikì montèlo (M1) ja p�roume thn perij¸ria pijanof�neia

f(nnn|M1) =

∫ 1

o

∫ 1

o

∫ 1

o

f(nnn|π11, π12, π21)f(π11, π12, π21)dπ11dπ12dπ21

= C
Γ(ao)Γ(n11 + a11)Γ(n12 + a12)Γ(n21 + a21)Γ(n22 + a22)

Γ(a11)Γ(a12)Γ(a21)Γ(a22)Γ(N + ao)

ìpou

• C =
(

N
n11n12n21n22

)
= N !

n11!n12!n21!n22!
, o poluwnumikìc suntelest c

• ao =
∑

aij

• n = n12 + n21
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Par�gontac Bayes

UpologÐzetai o Bayes Factor gia thn sÔgkrish tou montèlou M1 ènanti tou M0.

BF10 =
2nΓ(a12 + a21)Γ(n12 + a12)Γ(n21 + a21)

Γ(a12)Γ(a21)Γ(n + a12 + a21)
(3.1)

Diapist¸noume ìti o par�gontac Bayes den ephrre�zetai apì ta diag¸nia stoi-
qeÐa (n11 & n22) all� oÔte kai apì tic antÐstoiqec paramètrouc (a11 & a22),
ìpwc sumbaÐnei kai sto McNemar test.

Upì sunj kh prosèggish (conditional)

Sthn upì sunj kh prosèggish, jètoume π? = π12/(π12+π21) na eÐnai h pijanìth-
ta miac parat rhshc na brejeÐ sto kelÐ (1, 2) dojèntoc ìti ja katanemhjeÐ se
èna apì ta mh-diag¸nia keli�. Opìte h upìjesh mporeÐ isodÔnama na p�rei thn
morf 

H0 : π? =
1

2
vs H1 : π? 6= 1

2

Apì ta parap�nw èqoume ìti n12 ∼ Binomial(n, π?), ìpou n = n12 + n21, kai
ek twn protèrwn katanom , gia to enallaktikì montèlo, π? ∼ Beta(a12, a21)

pou eÐnai upì perÐptwsh thc Dirichlet katanom c. UpologÐzontac ton par�gonta
Bayes ja katal xoume sthn sqèsh (3.1).

Epilog  thc ek twn protèrwn katanom c

An�loga me thn ek twn protèrwn pepoÐjhsh mac mporoÔme na diakrÐnoume tic
akìloujec peript¸seic.

• Isqur  pÐsth ìti π1. > π.1 antiproswpeÔetai apì thn sqèsh a12 >> a21

• Meg�lh abebaiìthta ìti π1. > π.1 antiproswpeÔetai apì thn sqèsh

a12 = a21 = q : q ∈ [0, 1]
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'Otan q ∈ [0, 1], h pijanìthta P
(

π12

(π12+π21)
> 1

2

)
⇒ P (π1. > π.1) eÐnai

mikrìterh apì apì to antÐstoiqo p-value thc klasik c prosèggishc kai h
diafor� twn dÔo {epipèdwn shmantikìthtac} den eÐnai megalÔterh apì thn
pijanìthta twn dedomènwn upì thn mhdenik  upìjesh, Altman (1969) [8].

• Isqur  pÐsth ìti π1. = π.1 antiproswpeÔetai apì thn sqèsh a12 = a21 =

k ≥ 1

An gia par�deigma p�roume thn perÐptwsh ìpou a12 = a21 = 1 (dhl. mia Uniform

ek twn protèrwn katanom  gia to π?) tìte h sqèsh (3.1) mei¸netai sthn

BF10 =
2nΓ(n12 + 1)Γ(n21 + 1)

Γ(n + 2)
(3.2)

pou eÐnai o par�gontac Bayes ìtan elègqetai h mhdenik  upìjesh ìti mia diwnu-
mik  par�metroc isoÔtai me 1/2 (Bernardo & Smith 1994, sel. 414)[11].

3.4.1 Par�deigma me pragmatik� dedomèna

Se 18 asjeneÐc qorhgoÔntai dÔo f�rmaka (A & B). Met� thn l yh twn farm�kwn
metr jhkan pìsoi asjeneÐc an�rrwsan kai pìsoi ìqi (Leslie et al. 1991, sel.
130-132)[38]. O pÐnakac (3.8) dÐnei ta apotelèsmata.

F�rmako A
EpituqÐa ApotuqÐa

F�rmako B EpituqÐa 1 (0.055) 3 (0.16) 4 (0.22)
ApotuqÐa 9 (0.5) 5 (0.27) 14 (0.77)
SÔnolo 10 (0.55) 8 (0.44) 18 (1)

PÐnakac 3.8: PÐnakac suqnot twn kai pijanot twn.

• An�loga me thn ek twn protèrwn pepoÐjhsh mac ja p�roume di�forec peri-
pt¸seic ek twn protèrwn katanom¸n kai apì thn sqèsh (3.1) ja prokÔyoun oi
pÐnakec (3.9), (3.10) kai (3.11).
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α12 = α21 = q : q ∈ [0, 1] 0.1 0.3 0.5 0.7 0.9 1

BF10 0.35 0.8 1.08 1.26 1.38 1.43
log(BF )10 -1.05 -0.22 0.08 0.23 0.33 0.36
'Endeixh H1 H1 H0 H0 H0 H0

enantÐon thc Jetik  Adi�forh Adi�forh Adi�forh Adi�forh Adi�forh

PÐnakac 3.9: Meg�lh abebaiìthta ìti π1. > π.1 antiproswpeÔetai apì thn sqèsh a12 = a21 = q.

α12 = α21 = k 1 3 5 7 9 15
BF10 1.43 1.65 1.59 1.5 1.44 1.3

log(BF )10 0.36 0.5 0.46 0.4 0.36 0.26
'Endeixh H0 H0 H0 H0 H0 H0

enantÐon thc Adi�forh Adi�forh Adi�forh Adi�forh Adi�forh Adi�forh

PÐnakac 3.10: Isqur  pÐsth ìti π1. = π.1 antiproswpeÔetai apì thn sqèsh a12 = a21 = k ≥ 1

Beta(α, 1− α) Beta(0.1, 0.9) Beta(0.3, 0.7) Beta(0.4, 0.6) Beta(0.7, 0.3) Beta(0.9, 0.1)

BF10 0.536 1.096 1.148 0.708 0.223
log(BF )10 -0.624 0.09 0.138 -0.346 -1.5
'Endeixh H1 H0 H0 H1 H1

enantÐon thc Adi�forh Adi�forh Adi�forh Adi�forh Jetik 

PÐnakac 3.11: Ek twn protèrwn katanom  h power ek twn protèrwn Beta(α, 1− α), ìpou α ∈ [0, 1].

• Apì touc parap�nw pÐnakec èqoume ìti

¦ Me ton pÐnaka (3.9) ekfr�zetai h abebaiìthta mac sto gegonìc ìti to f�r-
mako A èqei megalÔterh apotelesmatikìthta apì to f�rmako B. Sunep¸c
jètoume α12 = α21 = q : q ∈ [0, 1] kai katal goume sthn apodoq  thc
mhdenik c upìjeshc gia ìlec tic timèc q ∈ [0, 1].

¦ Me ton pÐnaka (3.10) ekfr�zetai h isqur  pepoÐjhsh ìti kai ta dÔo f�rmaka
èqoun thn Ðdia apotelesmatikìthta. Sunep¸c jètoume α12 = α21 = k :

k ≥ 1 kai diapist¸noume ìti h diafor� twn dÔo farm�kwn den eÐnai �xia
anafor�c.

¦ Me ton pÐnaka (3.11) qrhsimopoioÔme mia power ek twn protèrwn katanom 
diìti pisteÔoume ìti ta f�rmaka A kai B den èqoun thn Ðdia apoteles-
matikìthta. Par' ìla aut� ta dedomèna uperisqÔoun kai p�li diapist¸noume
ìti isqÔei h mhdenik  upìjesh.
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Kai stic treic peript¸seic ex�goume thn Ðdia sumperasmatologÐa wc proc thn
apotelesmatikìthta twn dÔo farm�kwn. Wstìso o bajmìc thc plhroforÐac pou
perièqetai sta dedomèna upèr thc diafor�c ènanti thc mh diafor�c twn dÔo far-
m�kwn, all�zei an�loga me thn ek twn protèrwn pepoÐjhsh mac.

• Sto sq ma (3.13) blèpoume grafik� thn euaisjhsÐa tou logarÐjmou tou
par�gonta Bayes gia tic di�forec timèc twn q kai k. Gia tic di�forec timèc
twn paramètrwn q kai k deqìmaste thn mhdenik  upìjesh, dhl. ìti ta dÔo f�r-
maka parousi�zoun thn Ðdia apotelesmatikìthta.

(a) (b)

Sq ma 3.13: Grafik  apeikìnish thc euaisjhsÐac tou logarÐjmou tou par�gonta Bayes gia tic di�forec timèc
(a) tou q kai (b) tou k (Par�deigma 3.4.1).

• Sto sq ma (3.14) blèpoume grafik� thn euaisjhsÐa tou logarÐjmou tou
par�gonta Bayes gia tic di�forec timèc thc paramètrou α : α ∈ (0, 1) thc
ek twn protèrwn katanom c Beta(α, 1 − α). Apì to sq ma diapist¸noume ìti
gia tic di�forec timèc thc paramètrou α, apodeqìmaste thn mhdenik  upìjesh.
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(a) (b)

Sq ma 3.14: Grafik  apeikìnish thc euaisjhsÐac tou logarÐjmou tou par�gonta Bayes thc ek twn protèrwn
katanom c Beta(α, 1− α) wc proc (a) tic di�forec timèc thc α ∈ [0, 1] kai (b) thc diaspor�c thc (Par�deigma
3.4.1).

3.5 'EpÐlogoc

Sto trÐto kef�laio upologÐsame ton par�gonta Bayes gia ton èlegqo upojèsewn
dÔo anex�rthtwn   susqetismènwn deigm�twn apì katanomèc Poisson kai Bino-

mial. Diapist¸same ìti o upologismìc tou par�gonta Bayes apaiteÐ thn epÐlush
uyhlìbajmwn diast�sewn oloklhrwm�twn. 'Eqontac epilèxei suzugeÐc ek twn
protèrwn katanomèc, sthn perÐptwsh twn anex�rthtwn deigm�twn h perij¸reia
katanom  twn dedomènwn isoÔtai me to ginìmeno twn epÐ mèrouc oloklhrwm�twn.
Sth perÐptwsh ìmwc twn susqetismènwn deigm�twn o upologismìc tou par�gon-
ta Bayes eÐnai mia polÔplokh diadikasÐa kai apaiteÐtai h qr sh upologistik¸n
algorÐjmwn MCMC. Gia ta deÐgmata apì Binomial katanom  proteÐname thn
ek twn protèrwn Beta(α, 1 − α), ìpou α ∈ (0, 1). Se aut n thn katanom ,
h diaspor� all�zei monotonÐa kaj¸c h par�metroc α aux�netai me apotèlesma
na all�zei monotonÐa kai o par�gontac Bayes. Gia to par�deigma 3.4.1 aut  h
idiìthta den mac exuphreteÐ poujen�, opìte h epilog  thc sugkekrimènhc ek twn
protèrwn  tan lanjasmènh.
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Kef�laio 4

'Elegqoc Upojèsewn gia Pollapl�
DeÐgmata

4.1 'Elegqoc upojèsewn gia k anex�rthta deÐgmata apì katanom 
Poisson

JewroÔme k tuqaÐa anex�rthta deÐgmata

yij = (yi1, yi2, . . . , yinj
)

megèjouc nj, j = 1, . . . , k apì katanom  Poisson. Jèloume na elègxoume thn
upìjesh ìti

H0 : λ1 = . . . = λk = λ vs H1 : λi 6= λj, ∀(i, j)

Ta antÐstoiqa montèla pou antiproswpeÔoun oi parap�nw upojèseic mac eÐnai :

M0 : yij ∼ Poisson(λ) M1 : yij ∼ Poisson(λj)

Gia to mhdenikì montèlo M0 orÐzoume λ ∼ Gamma(p, q) ek twn protèrwn
katanom  gia thn koin  par�metro λ. H ek twn ustèrwn pou prokÔptei eÐnai
f(λ|yyy) ∼ Gamma(p + Ny, q + N), ìpou N =

∑k
j=1 nj, y eÐnai o mèsoc ìlwn

twn dedomènwn kai yyy = {yyy1, . . . , yyyk}. Opìte

f(yyy|M0) =
Γ(p + Ny)qp

Γ(p)(q + N)p+Ny
∏N

i=1 yi!

73
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Gia to enallaktikì montèlo M1 orÐzoume λj ∼ Gamma(pj, qj) ek twn protèrwn
katanomèc gia tic paramètrouc λj, ìpou j = 1, . . . , k. Opìte

f(yyy|M1) =

∫ ∞

0
. . .

∫ ∞

0
f(yyy|λ1, . . . , λk,M1)f(λ1, . . . , λk)dλ1 . . . dλk

=

∫ ∞

0
f(yyy1|λ1)f(λ1)dλ1 × . . .×

∫ ∞

0
f(yyyk|λk)f(λk)dλk

=
k∏

j=1

Γ(pj + njyj)q
pj

j

Γ(pj)(qj + nj)
pj+njyj

∏nj

i=1 yij!

Par�gontac Bayes

UpologÐzetai o Bayes Factor gia thn sÔgkrish tou montèlou M1 ènanti tou M0.

BF10 =
Γ(p)(q + N)p+Ny

Γ(p + Ny)qp

k∏
j=1

Γ(pj + njyj)q
pj

j

Γ(pj)(qj + nj)
pj+njyj

Epilog  thc ek twn protèrwn katanom c

Gia na ex�goume sumper�smata ja basistoÔme sthn power ek twn protèrwn
katanom  me b�roc Ðso me èna shmeÐo dedomènwn, Gamma(δnyo, δn). Opìte gia
δ = 1

N oi katanomèc pou ja p�roume ja eÐnai gia thn mhdenik  kai thn enallaktik 
upìjesh antÐstoiqa oi :

H0 : λ ∼ Gamma(y, 1) vs H1 : λj ∼ Gamma
(nj

N
yj,

nj

N

)

H parap�nw sqèsh mporeÐ pio genik� na p�rei thn morf 

H0 : λ ∼ Gamma(α, 1) vs H1 : λj ∼ Gamma(wjαj, wj)
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ìpou

- α = w1α1 + . . . + wkαk - wj =
nj

N

- N = n1 + . . . + nk - j = 1, . . . , k

Apì thn genik  morf  thc ek twn protèrwn katanom c diakrÐnoume tic ex c
peript¸seic :

¦ An αj = α tìte λ ∼ Gamma(α, 1) kai λj ∼ Gamma
(nj

N α,
nj

N

)
.

- Gia α = 1 prokÔptoun oi ek twn protèrwn katanomèc

λ ∼ Gamma(1, 1) & λj ∼ Gamma
(nj

N
,

nj

N

)

¦ An αj = α kai epiplèon n1 = . . . = nk tìte λ ∼ Gamma(α, 1) kai
λj ∼ Gamma

(
α
k , 1

k

)
.

- Gia α = 1 prokÔptoun oi ek twn protèrwn katanomèc

λ ∼ Gamma(1, 1) kai λj ∼ Gamma

(
1

k
,

1

k

)

me E(λ) = V ar(λ) = 1 kai E(λj) = 1 & V ar(λj) = k.

- Gia α = y prokÔptoun oi ek twn protèrwn katanomèc

λ ∼ Gamma(y, 1), kai λj ∼ Gamma

(
y

k
,

1

k

)

me E(λ) = V ar(λ) = y kai E(λj) = y & V ar(λj) = ky, pou eÐnai
Empirical Bayes Priors diìti basÐzontai sta parathroÔmena dedomèna.

4.1.1 Par�deigma (1) me prosomoiwmèna dedomèna

Prosomei¸noume trÐa deÐgmata twn 100 parathr sewn apì katanom  Poisson

ìpou yyy1 ∼ Poisson(6), yyy2 ∼ Poisson(4), yyy3 ∼ Poisson(2) (sq ma 4.1).
Elègqoume thn upìjesh ìti

H0 : λ1 = λ2 = λ3 = λ vs H1 : λi 6= λj, ∀(i, j)
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(a) (b) (g)

Sq ma 4.1: Rabdogr�mmata twn prosomoiwmènwn parathr sewn apì katanom  Poisson.

• Gia tic paramètrouc λ, λ1, λ2 kai λ3, epilègoume tic ek twn protèrwn katanomèc

¦ prior 1 : λ ∼ Gamma(1, 1), λ1, λ2, λ3 ∼ Gamma
(1

3 ,
1
3

)

¦ prior 2 : λ ∼ Gamma(y, 1), λ1, λ2, λ3 ∼ Gamma
(

y
3 ,

1
3

)

• Me thn bo jeia thc R prokÔptei o pÐnakac (4.1). O sunduasmìc prior 1 mac
dÐnei mikrìterh tim  gia ton par�gonta Bayes, wstìso kai oi dÔo sunduasmoÐ mac
dÐnoun thn Ðdia sumperasmatologÐa, dhlad  ìti oi mèsoi twn deigm�twn diafèroun.

prior 1 prior 2

BF10 2.39× 1046 9.97× 1046

log(BF )10 1.068× 102 1.08× 102

'Endeixh H0 H0

enantÐon thc PolÔ isqur  PolÔ isqur 

PÐnakac 4.1: Apotelèsmata tou par�gonta Bayes gia touc sunduasmoÔc ek twn protèrwn katanom¸n twn
paramètrwn.

• Sto sq ma (4.2) blèpoume grafik� thn euaisjhsÐa tou logarÐjmou tou par�go-
nta Bayes gia tic di�forec timèc thc paramètrou α sthn genik  morf  twn sun-
duasm¸n ek twn protèrwn katanom¸n gia tic paramètrouc λ, λ1, λ2 kai λ3 antÐ-
stoiqa.

¦ Genik  morf  : λ ∼ Gamma(α, 1), λ1, λ2, λ3 ∼ Gamma
(

α
3 , 1

3

)

Upì thn genik  morf  twn dÔo pr¸twn sunduasm¸n, h mhdenik  upìjesh
aporrÐptetai gia timèc α ∈ (0, 1.2× 105).
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Sq ma 4.2: Grafik  apeikìnish thc euaisjhsÐac tou logarÐjmou tou par�gonta Bayes gia tic di�forec timèc
tou α gia thn genik  morf  : λ ∼ Gamma(α, 1), λ1, λ2, λ3 ∼ Gamma

(
α
3 , 1

3

)
(Par�deigma 4.1.1).

4.1.2 Par�deigma (2) me prosomoiwmèna dedomèna

Prosomei¸noume trÐa deÐgmata twn 100 parathr sewn apì katanom  Poisson

ìpou yyy1 ∼ Poisson(5), yyy2 ∼ Poisson(4.9), yyy3 ∼ Poisson(4.8) (sq ma 4.3).
Elègqoume thn upìjesh ìti

H0 : λ1 = λ2 = λ3 = λ vs H1 : λi 6= λj, ∀(i, j)

(a) (b) (g)

Sq ma 4.3: Rabdogr�mmata twn prosomoiwmènwn parathr sewn apì katanom  Poisson.

• Gia tic paramètrouc λ, λ1, λ2 kai λ3, epilègoume tic ek twn protèrwn katanomèc

¦ prior 1 : λ ∼ Gamma(1, 1), λ1, λ2, λ3 ∼ Gamma
(1

3 ,
1
3

)

¦ prior 2 : λ ∼ Gamma(y, 1), λ1, λ2, λ3 ∼ Gamma
(

y
3 ,

1
3

)
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• Me thn bo jeia thc R prokÔptei o pÐnakac (4.2). OmoÐwc o sunduasmìc prior 1

mac dÐnei mikrìterh tim  gia ton par�gonta Bayes, ìmwc en¸ oi dÔo sunduasmoÐ
mac dÐnoun thn Ðdia sumperasmatologÐa, dhlad  ìti oi mèsoi twn deigm�twn den
diafèroun, h barÔthta thc plhroforÐac diafèrei. O sunduasmìc prior 1 mac dÐnei
pio isqur  èndeixh upèr thc isìthtac twn mèswn twn deigm�twn.

prior 1 prior 2

BF10 0.00198 0.0147

log(BF )10 −6.223 −4.222

'Endeixh H1 H1

enantÐon thc PolÔ isqur  Jetik 

PÐnakac 4.2: Apotelèsmata tou par�gonta Bayes gia touc treic sunduasmoÔc ek twn protèrwn katanom¸n
twn paramètrwn.

Sq ma 4.4: Grafik  apeikìnish thc euaisjhsÐac tou logarÐjmou tou par�gonta Bayes gia tic di�forec timèc
tou α gia thn genik  morf  : λ ∼ Gamma(α, 1), λ1, λ2, λ3 ∼ Gamma

(
α
3 , 1

3

)
(Par�deigma 4.1.2).

• Sto sq ma (4.4) blèpoume grafik� thn euaisjhsÐa tou logarÐjmou tou par�go-
nta Bayes gia tic di�forec timèc thc paramètrou α sthn genik  morf  twn sun-
duasm¸n ek twn protèrwn katanom¸n gia tic paramètrouc λ, λ1, λ2 kai λ3 antÐ-
stoiqa.

¦ Genik  morf  : λ ∼ Gamma(α, 1), λ1, λ2, λ3 ∼ Gamma
(

α
3 , 1

3

)

Upì thn genik  morf  twn dÔo pr¸twn sunduasm¸n, gia ìlec tic timèc thc
paramètrou α deqìmaste thn mhdenik  upìjesh.
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4.2 'Elegqoc upojèsewn gia k anex�rthta deÐgmata apì katanom 
Binomial

JewroÔme k tuqaÐa anex�rthta deÐgmata megèjouc nj, ìpou j = 1, . . . , k,

yij = (yi1, yi2, . . . , ynkk)

apì katanom  Binomial (n =
∑k

j=1 nj). Jèloume na elègxoume thn upìjesh ìti

H0 : π1 = . . . = πk = π vs H1 : πi 6= πj, ∀(i, j)

Ta antÐstoiqa montèla pou antiproswpeÔoun oi parap�nw upojèseic mac eÐnai :

M0 : yyyj ∼ Binomial(Nij, π) vs M1 : yyyj ∼ Binomial(Nij, πj)

Gia to mhdenikì montèlo M0 orÐzoume π ∼ Beta(αo, βo) ek twn protèrwn katanom 
gia thn koin  par�metro π. Opìte h ek twn ustèrwn katanom  pou prokÔptei
eÐnai f(π|yyy) ∼ Beta(αo +

∑n
i=1 yi, βo + N −∑n

i=1 yi), ìpou N =
∑k

j=1 N.j me
N.j =

∑nj

i=1 Nij kai yyy = {yyy1, . . . , yyyk}. Opìte

f(yyy|M0) =
B(αo + N y, βo + N −N y)

B(αo, βo)

n∏
i=1

k∏
j=1

(
Nij

yij

)

Gia to enallaktikì montèlo M1 orÐzoume tic ek twn protèrwn katanomèc twn
paramètrwn πj ∼ Beta(αj, βj), ìpou j = 1, . . . , k. Opìte

f(yyy|M1) =

∫ 1

o

. . .

∫ 1

o

f(yyy|π1, . . . , πk,M1)f(π1, . . . , πk)dπ1 . . . dπk

=
k∏

j=1

[
B(αj + N.j yj, βj + N.j −N.j yj)

B(αj, βj)

nj∏
i=1

(
Nij

yij

)]
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Par�gontac Bayes

UpologÐzetai o Bayes Factor gia thn sÔgkrish tou montèlou M1 ènanti tou M0.

BF10 =
B(αo, βo)

B(αo + N y, βo + N −N y)

k∏
j=1

B(αj + N.j yj, βj + N.j −N.j yj)

B(αj, βj)

Epilog  thc ek twn protèrwn katanom c

Gia na ex�goume sumper�smata ja basistoÔme sthn power ek twn protèrwn
katanom , Beta(Noδyo, Noδ(1 − yo)). Opìte gia δ = 1

No
oi katanomèc pou ja

p�roume ja eÐnai gia thn mhdenik  kai thn enallaktik  upìjesh antÐstoiqa oi :

H0 : π ∼ Beta (y, (1− y)) vs H1 : πj ∼ Beta

(
Nj

N
yj,

Nj

N
(1− yj)

)

H parap�nw sqèsh mporeÐ pio genik� na p�rei thn morf 

H0 : π ∼ Beta(α, 1− α) vs H1 : πj ∼ Beta(wjαj, wj(1− αj))

ìpou

- α = w1α1 + . . . + wkαk - wj =
Nj

N

- N = N1 + . . . + Nk - j = 1, . . . , k

Apì thn genik  morf  thc ek twn protèrwn katanom c diakrÐnoume tic ex c
peript¸seic :

¦ An α1 = . . . = αk = α : α ∈ (0, 1) tìte ja èqoume tic ek twn protèrwn
katanomèc π ∼ Beta(α, 1− α) kai πj ∼ Beta

(
Nj

N α,
Nj

N (1− α)
)
.

- Gia α = 1
2 prokÔptoun oi ek twn protèrwn katanomèc

π ∼ Beta

(
1

2
,
1

2

)
& πj ∼ Beta

(
Nj

2N
,

Nj

2N

)

ìpou ja èqoume mia Jeffreys priors gia thn mhdenik  upìjesh. Jètoume
α = 1

2 diìti eÐnai to kèntro thc katanom c kai jewroÔme ìti to kèntro
eÐnai h pio oudèterh tim .
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- Gia α = y prokÔptoun oi ek twn protèrwn katanomèc

π ∼ Beta(y, 1− y) & πj ∼ Beta

(
Nj

N
y,

Nj

N
(1− y)

)

me E(λ) = y, V ar(λ) = y(1−y)
2 kai E(λj) = y & V ar(λj) = y(1−y)

Nj
N +1

, pou
eÐnai Empirical Bayes Priors.

¦ An α1 = . . . = αk = α kai epiplèon N1 = . . . = Nk tìte ja p�roume tic ek
twn protèrwn katanomèc π ∼ Beta(α, 1−α) kai πj ∼ Beta

(
α
k , 1

k(1− α)
)
.

¦ Endiafèron èqei epÐshc na melet soume thn Beta( c
2 ,

c
2) ek twn protèrwn

katanom 
[
E(π) = 1

2 & V ar(π) = 1
4(c+1)

]
, pou eÐnai upoperÐptwsh thc pow-

er ek twn protèrwn gia yo = 1
2 , kai idiaÐtera tic upopeript¸seic :

- Gia c = 1, oi ek twn protèrwn katanomèc pou ja prokÔyoun gia ta π kai
πj, ja eÐnai ìlec Beta(1, 1) (Omoiìmorfh katanom ).

- Gia c = 1
2 , oi ek twn protèrwn katanomèc pou ja prokÔyoun gia ta π

kai πj, ja eÐnai ìlec Beta(1
2 ,

1
2) (Jeffreys katanom ).

4.2.1 Par�deigma (1) me prosomoiwmèna dedomèna

Prosomei¸noume trÐa deÐgmata twn 100 parathr sewn apì Binomial katanom .
Sto sq ma (4.5) blèpoume ta rabdogr�mmata twn parathr sewn.

yyy1 ∼ Binomial(10, 0.5), yyy2 ∼ Binomial(10, 0.49), yyy3 ∼ Binomial(10, 0.48)

• Gia tic paramètrouc π, π1, π2 kai π3, epilègoume tic ek twn protèrwn katanomèc

¦ prior 1 : π ∼ Beta
(1

2 ,
1
2

)
, πj ∼ Beta

(
Nj

2N ,
Nj

2N

)

¦ prior 2 : π ∼ Beta(y, 1− y), πj ∼ Beta
(

Nj

N y,
Nj

N (1− y)
)

¦ prior 3 : π ∼ Beta
(1

2 ,
1
2

)
, πj ∼ Beta

(1
2 ,

1
2

)

¦ prior 4 : π ∼ Beta(1, 1), πj ∼ Beta(1, 1), ìpou j = 1, 2, 3
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(a) (b) (g)

Sq ma 4.5: Rabdìgramma prosomoiwmènwn parathr sewn apì katanom  Binomial.

• Me thn bo jeia thc R prokÔptei o pÐnakac (4.3). Diapist¸noume ìti oi
sunduasmoÐ prior 1 kai prior 2 pou eÐnai upì perist¸seic thc Ðdiac genik c
morf c, dÐnoun sqedìn tic Ðdiec timèc gia ton par�gonta Bayes. To Ðdio sumbaÐnei
kai gia touc sunduasmoÔc prior 3 kai prior 4, ìpwc eÐdame kai sto kef�laio 3.
Wstìso kai oi tèsseric sunduasmoÐ dÐnoun thn Ðdia sumperasmatologÐa.

prior 1 prior 2 prior 3 prior 4

BF10 0.00014 0.00014 0.0017 0.0043

log(BF )10 −8.8756 −8.8758 −6.35 -5.45
'Endeixh H1 H1 H1 H1

enantÐon thc PolÔ isqur  PolÔ isqur  PolÔ isqur  PolÔ isqur 

PÐnakac 4.3: Apotelèsmata tou par�gonta Bayes gia touc tèsseric sunduasmoÔc ek twn protèrwn katanom¸n
twn paramètrwn.

• Sto sq ma (4.6) blèpoume grafik� thn euaisjhsÐa tou logarÐjmou tou par�go-
nta Bayes gia tic di�forec timèc twn paramètrwn α & c sthn genik  morf  twn
sunduasm¸n ek twn protèrwn katanom¸n gia tic paramètrouc π, π1, π2 kai π3

antÐstoiqa.

¦ Genik  morf  1: π ∼ Beta(α, 1− α), πj ∼ Beta
(

Nj

N α,
Nj

N (1− α)
)

Upì genik  morf  twn dÔo pr¸twn sunduasm¸n, gia ìlec tic timèc thc
paramètrou α ∈ (0, 1) deqìmaste thn mhdenik  upìjesh.

¦ Genik  morf  2: π ∼ Beta
(

c
2 ,

c
2

)
, πj ∼ Beta

(
c
2 ,

c
2

)

Upì thn genik  morf  tou trÐtou kai tètartou sunduasmoÔ, h enallaktik 
upìjesh aporrÐptetai gia timèc thc paramètrou c ∈ [0, 103].
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(a) (b)

Sq ma 4.6: Grafik  apeikìnish thc euaisjhsÐac tou logarÐjmou tou par�gonta Bayes gia tic di�forec timèc
tou α gia (a)thn genik  morf  1: π ∼ Beta(α, 1 − α), πj ∼ Beta

(
Nj

N α,
Nj

N (1− α)
)

kai (b) thn genik 
morf  2: π ∼ Beta

(
c
2 , c

2

)
, πj ∼ Beta

(
c
2 , c

2

)
(Par�deigma 4.2.1).

4.2.2 Par�deigma (2) me prosomoiwmèna dedomèna

Prosomei¸noume trÐa deÐgmata twn 100 parathr sewn apì Binomial katanom .
Sto sq ma (4.7) blèpoume ta rabdogr�mmata twn parathr sewn.

yyy1 ∼ Binomial(10, 0.7), yyy2 ∼ Binomial(10, 0.5), yyy3 ∼ Binomial(10, 0.3)

(a) (b) (g)

Sq ma 4.7: Rabdìgramma prosomoiwmènwn parathr sewn apì katanom  Binomial.

• Gia tic paramètrouc π, π1, π2 kai π3, epilègoume tic ek twn protèrwn katanomèc

¦ prior 1 : π ∼ Beta
(1

2 ,
1
2

)
, πj ∼ Beta

(
Nj

2N ,
Nj

2N

)

¦ prior 2 : π ∼ Beta(y, 1− y), πj ∼ Beta
(

Nj

N y,
Nj

N (1− y)
)
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¦ prior 3 : π ∼ Beta
(1

2 ,
1
2

)
, πj ∼ Beta

(1
2 ,

1
2

)

¦ prior 4 : π ∼ Beta(1, 1), πj ∼ Beta(1, 1), ìpou j = 1, 2, 3

• Me thn bo jeia thc R prokÔptei o pÐnakac (4.4). OmoÐwc diapist¸noume ìti
oi sunduasmoÐ prior 1 kai prior 2 pou eÐnai upì perist¸seic thc Ðdiac genik c
morf c, dÐnoun sqedìn tic Ðdiec timèc gia ton par�gonta Bayes. To Ðdio sum-
baÐnei kai gia touc sunduasmoÔc prior 3 kai prior 4. Wstìso kai oi tèsseric
sunduasmoÐ dÐnoun thn Ðdia sumperasmatologÐa.

prior 1 prior 2 prior 3 prior 4

BF10 1.5798× 1064 1.5797× 1064 1.76× 1065 3.68× 1065

log(BF )10 1.478× 102 1.478× 102 1.5× 102 1.51× 102

'Endeixh H0 H0 H0 H0

enantÐon thc PolÔ isqur  PolÔ isqur  PolÔ isqur  PolÔ isqur 

PÐnakac 4.4: Apotelèsmata tou par�gonta Bayes gia touc tèsseric sunduasmoÔc ek twn protèrwn katanom¸n
twn paramètrwn.

(a) (b)

Sq ma 4.8: Grafik  apeikìnish thc euaisjhsÐac tou logarÐjmou tou par�gonta Bayes gia tic di�forec timèc
tou α gia (a) thn genik  morf  1: π ∼ Beta(α, 1 − α), πj ∼ Beta

(
Nj

N α,
Nj

N (1− α)
)

kai (b) thn genik 
morf  2: π ∼ Beta

(
c
2 , c

2

)
, πj ∼ Beta

(
c
2 , c

2

)
(Par�deigma 4.2.2).

• Sto sq ma (4.8) blèpoume grafik� thn euaisjhsÐa tou logarÐjmou tou par�go-
nta Bayes gia tic di�forec timèc twn paramètrwn α & c sthn genik  morf  twn
sunduasm¸n ek twn protèrwn katanom¸n gia tic paramètrouc π, π1, π2 kai π3

antÐstoiqa.
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¦ Genik  morf  1: π ∼ Beta(α, 1− α), πj ∼ Beta
(

Nj

N α,
Nj

N (1− α)
)

Upì genik  morf  twn dÔo pr¸twn sunduasm¸n, gia ìlec tic timèc thc
paramètrou α ∈ (0, 1) aporrÐptoume thn mhdenik  upìjesh.

¦ Genik  morf  2: π ∼ Beta
(

c
2 ,

c
2

)
, πj ∼ Beta

(
c
2 ,

c
2

)

Upì thn genik  morf  tou trÐtou kai tètartou sunduasmoÔ, h mhdenik  up-
ìjesh aporrÐptetai gia timèc thc paramètrou c < 9× 104.

4.2.3 Par�deigma me pragmatik� dedomèna

Ja suneqÐsoume to par�deigma thc paragr�fou 2.5.2. 'Eqoume pènte antibiotik�
(Amikacin[1], Gentamicin[2], Netilmicin[3], Sisomicin[4], Tobramycin[5]) kai
ta sugkrÐnoume ìla mazÐ (5 om�dec) epilègontac thn ek twn protèrwn katanom 
Beta(1

2 ,
1
2) gia ìlec tic paramètrouc.

Me thn bo jeia thc R, lamb�noume BF = 1.94× 106, pou mac dÐnei polÔ isqur 
èndeixh enantÐon thc mhdenik c upìjeshc, dhlad  ta posost� emf�nishc nefrik c
toxikìthtac twn antibiotik¸n, diafèroun metaxÔ touc.

4.3 'Elegqoc upojèsewn gia pÐnakec sun�feiac

4.3.1 Eisagwg  stouc pÐnakec sun�feiac

'Estw A kai B dÔo par�gontec me r kai c epÐpeda antÐstoiqa. 'Otan taxinomoÔme
tic parathr seic mac stouc dÔo par�gontec up�rqoun ij (ìpou i = 1, ..., r kai
j = 1, ..., c) dunatoÐ sunduasmoÐ taxinìmhshc. AutoÐ apotup¸nontai s' ènan
pÐnaka me r grammèc kai c st lec, pou kaleÐtai pÐnakac sun�feiac (contigency

table), ìroc pou eihg jhke apì ton Karl Pearson (1904) (Agresti, 1990, sel.
9)[3]. Jètoume πij thn pijanìthta k�poia parat rhsh na brejeÐ sto ij kelÐ.
EpÐshc

∑r
i=1

∑c
j=1 πij = 1.

Oi dÔo par�gontec eÐnai anex�rthtoi ìtan isqÔei πij = πi. ∗ π.j, alli¸c eÐnai
susqetismènoi. Paradosiak� up�rqoun dÔo trìpoi na elègxoume thn anexarth-



Kef�laio 4 : 'Elegqoc Upojèsewn gia Pollapl� DeÐgmata 86

B1 B2 B3 . . . Bc

A1 π11 π12 π13 . . . π1c π1.

A2 π21 π22 π23 . . . π2c π2.

A3 π31 π32 π33 . . . π3c π3.

. . . . . . . . . . . . . . . . . . . . .

Ar πr1 πr2 πr3 . . . πrc πr.

π.1 π.2 π.3 . . . π.c π..

PÐnakac 4.5: PÐnakac pijanot twn twn plhjusm¸n A & B.

sÐa s' ènan r×c pÐnaka sun�feiac. Pr¸th prosèggish eÐnai h qr sh tou elègqou
X2 − Pearson pou leitourgeÐ gia apl  tuqaÐa deigmatolhyÐa (poluwnumik 
deigmatolhyÐa). H deÔterh prosèggish eÐnai h qr sh tou par�gonta tou Bayes.

Apì tic duo autèc proseggÐseic, h pr¸th parousi�zei di�fora meionekt mata.
Se peript¸seic ìpou oi upojèseic poluwnumikoÔ deÐgmatoc den isqÔoun (dhlad 
ìtan up�rqei susqètish metaxÔ twn mel¸n thc Ðdiac om�dac, ìpwc paidi� apì
thn Ðdia oikogèneia   pontÐkia apì to Ðdio ergast rio) tìte o klassikìc X2

èlegqoc eÐnai akat�llhloc. H parap�nw susqètish kaleÐtai intra-class correla-

tion (Nandram & Choi, 2007)[44]. EpÐshc eÐnai akat�llhloc ìtan oi metr seic
twn keli¸n eÐnai polÔ mikrèc   mhdèn.

4.3.2 'Elegqoc upojèsewn gia r× c pÐnakec sun�feiac

Jèloume na elègxoume thn upìjesh ìti

H0 : @ susqètish metaxÔ twn A & B

vs

H1 : ∃ susqètish metaxÔ twn A & B

Opìte gia ènan r × c pÐnaka sun�feiac, upojètoume dÔo poluwnumik� - Dirich-

let montèla, èna me susqètish (M1) kai èna qwrÐc (M0) (Nandram & Choi,

2007)[20]. Gia to montèlo me susqètish (M1), upojètoume ìti ta dedomèna tou
pÐnaka akoloujoÔn mia poluwnumik  katanom  me par�metro πij. 'Etsi èqoume:

nnn|πππ ∼ Multinomial(n,πππ)

πππ ∼ Dirichlet(k, . . . , k)
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Opìte lamb�noume

f(y|M1) =

∏r
i=1

∏c
j=1 Γ(nij + k)

Γ(
∑r

i=1
∑c

j=1(nij + k))

Γ(
∑r

i=1
∑c

j=1 k)∏r
i=1

∏c
j=1 Γ(k)

n!∏r
i=1

∏c
j=1 nij!

=
Drc(nnn + k)

Drc(k)

n!∏r
i=1

∏c
j=1 nij!

Apì ta parap�nw an epilèxoume thn upì perÐptwsh thc Dirichlet ìpou k = 1

(dhl. mia Omoiìmorfh katanom ), tìte ja prokÔyei h perij¸reia sun�rthsh

f(y|M1) =
(rc− 1)!n!

(n + rc− 1)!

Gia to montèlo qwrÐc susqètish (M0), upojètoume ìti ta dedomèna tou pÐnaka
akoloujoÔn mia poluwnumik  katanom  me par�metro πij, ìpou πij = π

(1)
i. ×π

(2)
.j ,

(i = 1, ..., r kai j = 1, ..., c). 'Etsi èqoume :

nnn|πππ(1),πππ(2) ∼ Multinomial(n,πππ) , me πππ = πππ(1) × πππ(2)τ

πππ(1) ∼ Dirichlet(k(1), . . . , k(1))

πππ(2) ∼ Dirichlet(k(2), . . . , k(2))

ìpou ta πππ(1) kai πππ(2) eÐnai anex�rthta. Opìte lamb�noume

f(y|M0) =

∏r
i=1 Γ(n

(1)
i. + k(1))

Γ(
∑r

i=1(n
(1)
i. + k(1)))

Γ(
∑r

i=1 k(1))∏r
i=1 Γ(k(1))

×
∏c

j=1 Γ(n
(2)
.j + k(2))

Γ(
∑c

j=1(n
(2)
.j + k(2)))

Γ(
∑c

j=1 k(2))∏c
j=1 Γ(k(2))

n!∏r
i=1

∏c
j=1 nij!

=
Dr(nnn

(1) + k(1))

Dr(k(1))

Dc(nnn
(2) + k(2))

Dc(k(2))

n!∏r
i=1

∏c
j=1 nij!

Apì ta parap�nw an p�li epilèxoume thn upì perÐptwsh thc Dirichlet ìpou
k(1) = k(2) = 1, tìte ja prokÔyei h perij¸reia sun�rthsh
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f(y|M0) = n!
(r − 1)!(c− 1)!

(n + r − 1)!(n + c− 1)!

∏r
i=1 ni.!

∏c
j=1 n.j!∏r

i=1
∏c

j=1 nij!

Par�gontac Bayes

UpologÐzetai o Bayes Factor gia thn sÔgkrish tou montèlou M1 ènanti tou M0.

BF10 =
Drc(nnn + k)/Dr(nnn

(1)
. + k(1))Dc(nnn

(2)
. + k(2))

Drc(k)/Dr(k(1))Dc(k(2))

'Opou n(1)
. =

∑c
j=1 nij, n(2)

. =
∑r

i=1 nij kai Dd(δδδ) =
∏d

i=1 Γ(δi)
Γ(

∑
δi)

Epilog  thc ek twn protèrwn katanom c

Fusik� sthn upì perÐptwsh thc Dirichlet ìpou k = k(1) = k(2) = 1 (Omoiì-
morfh), o par�gontac Bayes mei¸netai sthn sqèsh

BF10 =
(rc− 1)!

(r − 1)!(c− 1)!

(n + r − 1)!(n + c− 1)!

(n + rc− 1)!

∏r
i=1

∏c
j=1 nij!∏r

i=1 ni.!
∏c

j=1 n.j!
(4.1)

4.3.3 Par�deigma me pragmatik� dedomèna

Sto par�deigma autì ja qrhsimopoihjoÔn dedomèna apì thn melèth tou Worce-

ster thc Massaqousèthc gia to èmfragma tou muokardÐou thn perÐodo 1975 me
1991 (Goldberg et al. 1988)[25],[27]. Gia na exet�soume e�n h hlikÐa sqetÐzetai
me thn jerapeutik  agwg , ja qrhsimopoi soume ton tÔpo tou par�gonta Bayes

(4.1) ìpou èqoume epilèxei thn upì perÐptwsh thc Omoiìmorfhc katanom c (¸ste
na ekfr�soume thn ek twn protèrwn �gnoia mac gia ta dedomèna).
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Gia ton pÐnaka (4.6) èqoume ìti h l yh lidokaÐnhc den sqetÐzetai me thn hlikÐa
afoÔ BF = 0.036 < 1 me isqur  èndeixh enantÐon thc enallaktik c.

HlikÐa (Qrìnia) E+ lidokaðnh E− lidokaðnh SÔnolo
< 55 4 9 13

55− 59 3 5 8
60− 64 8 9 17
65− 69 10 9 19
70− 74 11 23 34
> 75 24 57 81
SÔnolo 60 112 172

PÐnakac 4.6: Pl joc asjen¸n an� hlikÐa pou èlaban (E+)   den èlaban (E−) jerapeÐa lidokaðnhc gia oxÔ
èmfragma tou muokardÐou.

Gia ton pÐnaka (4.7) èqoume ìti h l yh beta blocker epÐshc den sqetÐzetai me thn
hlikÐa afoÔ BF = 0.058 < 1 me jetik  èndeixh enantÐon thc enallaktik c.

HlikÐa (Qrìnia) E+ beta blocker E− beta blocker SÔnolo
< 55 3 3 6

55− 59 2 7 9
60− 64 3 9 12
65− 69 6 10 16
70− 74 13 18 31
> 75 23 87 110
SÔnolo 50 134 184

PÐnakac 4.7: Pl joc asjen¸n an� hlikÐa pou èlaban (E+)   den èlaban (E−) jerapeÐa beta blocker gia oxÔ
èmfragma tou muokardÐou.
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Kef�laio 5

Suz thsh

Sthn paroÔsa diplwmatik  ergasÐa anaptÔqjhke h Mpeuzian  prosèggish se
basikoÔc elègqouc upojèsewn. Sthn Mpeuzian  statistik  oi èlegqoi upo-
jèsewn pragmatopoioÔntai mèsw enìc sqetikoÔ lìgou pijanot twn thc ek twn
ustèrwn kai thc ek twn protèrwn plhroforÐac pou kaleÐtai par�gontac Bayes.

Oi par�gontec Bayes pou upologÐsthkan, sunèkrinan thn enallaktik  upìjesh
H1 ènanti thc mhdenik c upìjeshc H0, ètsi ¸ste h ermhneÐa twn apotelesm�twn
na sumbadÐzei me aut n twn Kass & Raftery. 'Opwc eÐdame h Mpeuzian  prosèg-
gish xepern� k�poia apì ta meionekt mata thc Klasik c statistik c (par�-
grafoc 2.1) kai sunep¸c eÐnai mia pio axiìpisth mejodologÐa. 'Omwc h Mpeuzian 
prosèggish eÐnai mia mejodologÐa sthn opoÐa antimetwpÐzoume kurÐwc upolo-
gistik� probl mata kai gi' autì ton lìgo den eÐnai eurèwc diadedomènh. 'Ena
shmantikì prìblhma thc Mpeuzian c prosèggishc eÐnai : h poluplokìthta ston
upologismì twn ek twn ustèrwn katanom¸n kai thc antÐstoiqhc perij¸reiac pi-
janof�neiac twn dedomènwn. EpÐshc oi ek twn ustèrwn katanomèc, kai kurÐwc
twn upì exètash montèlwn   upojèsewn, eÐnai euaÐsjhtec se allagèc twn ek
twn protèrwn paramètrwn (p.q.Lindley’s paradox). Sthn paroÔsa ergasÐa gia
na aplopoihjoÔn oi upologismoÐ, qrhsimopoi jhkan suzhgeÐc ek twn protèrwn
katanomèc. Pio sugkekrimèna qrhsimopoi jhkan suzhgeÐc ek twn protèrwn ba-
sismènec se dun�meic thc pijanof�neiac (power prior) oi opoÐec eÐnai euèliktec,
mac epitrèpoun thn qr sh shmantik c plhroforÐac apì prohgoÔmenec melètec
kai ìtan den up�rqei diajèsimh plhroforÐa mac dÐnoun mia ermhneÐa basismènh
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se eikonik� dedomèna. Mia �llh prosèggish sthn epilog  thc ek twn protèrwn
katanom c, prot�jhke apì ton E. T. Jaynes [29] kai afor� thn megistopoÐhsh
thc plhroforÐac entropy (information entropy) thc katanom c. H entropÐa eÐ-
nai èna mètro tou kat� pìsh plhroforÐa steroÔmaste na perigr�youme apì thn
katanom . 'Oso megalÔterh eÐnai h entropÐa, tìsh ligìterh eÐnai h gn¸sh mac gia
na orÐsoume thn katanom . Endiafèron gia peraitèrw èreuna mporeÐ na apotelèsei
o èlegqoc upojèsewn se peript¸seic mh suzhg¸n ek twn protèrwn katanom¸n,
ìpou oi arijmhtikèc pr�xeic den eÐnai dunatìn na epilujoÔn arijmhtik� kai a-
paiteÐtai h qr sh upologistik¸n algorÐjmwn Markov Chain Monte Carlo. Mia
idèa gia na ex�goume sumperasmatologÐa kai par�llhla na xeperastoÔn oi upo-
logistikèc duskolÐec tou par�gonta Bayes prot�jhke apì ton Valen Johnson

(2004) [32]. O Johnson proteÐnei thn montelopoÐhsh thc deigmatik c katanom c
tou statistikoÔ elègqou, antÐ thc deigmatik c katanom c twn parathr sewn.
UposthrÐzei ìti me ton trìpo autì mei¸netai h upokeimenikìthta apì thn epi-
log  twn ek twn protèrwn katanom¸n kai aplopoioÔntai oi upologismoÐ.

Ston èlegqo upojèsewn dedomènwn pou proèrqontai apì Poisson katanom ,
epilèxame power ek twn protèrwn katanomèc me b�roc Ðso me èna shmeÐo dedomè-
nwn. 'Otan elègqoume èna deÐgma eÐnai eÔkolo na diereun soume thn euaisjhsÐa
tou par�gonta Bayes me thn diaspor� thc ek twn protèrwn katanom c, ¸ste na
melet soume to par�doxo tou Lindley. Gia thn genik  morf  thc katanom c thc
koin c paramètrou, eÐdame ìti kaj¸c h par�metroc teÐnei sto �peiro, h diaspor�
aux�netai kai kat' epèktash par�gontac Bayes ellat¸netai dÐnontac polÔ isqur 
èndeixh upèr thc mhdenik c upìjeshc. AntÐjeta sthn Klasik  statistik  lìgw
thc meg�lhc diaspor�c ja  tan apÐjano na parathr soume mia tim  tìso makru�
apì ton mèso, opìte ja aporrÐptame thn mhdenik  upìjesh. IsqÔei dhlad  to
par�doxo tou Lindley. To Ðdio isqÔei kai ston èlegqo upojèsewn dedomènwn pou
proèrqontai apì Binomial katanom . Gia thn genik  morf  thc katanom c thc
koin c paramètrou, ìtan h diaspor� aux�netai, o par�gontac Bayes mei¸netai
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kai antÐstrofa. Gia dÔo kai perissìtera deÐgmata eÐnai pio dÔskolo na melet -
soume thn euaisjhsÐa tou par�gonta Bayes se sqèsh me thn diaspor�, diìti
èqoume perissìterec apì mÐa ek twn protèrwn katanomèc. GnwrÐzontac ìmwc
thn sumperifor� twn diaspor¸n se sqèsh me tic paramètrouc, mporoÔme na exa-
krib¸soume thn Ôparxh tou paradìxou tou Lindley. Se k�je par�deigma, me thn
bo jeia thc R [46], kataskeu�sthkan eÔqrhstec routÐnec gia thn exagwg  twn
apotelesm�twn.

Sta paradeÐgmata pou gÐnetai qr sh pragmatik¸n dedomènwn, èqei gÐnei siw-
phl� h upìjesh ìti ta dedomèna proèrqontai apì tic antÐstoiqec katanomèc. Gia
peraitèrw èreuna mporoÔme na upologÐsoume ton par�gonta Bayes ìtan ta de-
domèna thc katanom c Poisson parousi�zoun uperdiaspor� (overdispersion). Se
aut n thn perÐptwsh mporoÔme na jèsoume ìti ta dedomèna na akoloujoÔn mia
Negative - Binomial katanom .

Sthn par�grafo 3.3.3 elègjhkan an� dÔo pènte antibiotik� gia thn katapolèmhsh
barus mantwn molÔnsewn. Sto shmeÐo autì na sqoli�soume ìti ìtan pragma-
topoioÔntai pollaplèc sugkrÐseic h Mpeuzian  prosèggish den ephrre�zetai.
Sthn Klasik  statistik  ìtan pollèc mèsec timèc elègqontai an� dÔo, h pi-
janìthta na prokÔyei shmantik  diafor� metaxÔ dÔo mèswn {apì tÔqh} aux�ne-
tai an�loga me to pl joc twn sgkrÐsewn. Autì sumbaÐnei diìti sthn Klasik 
statistik  h upì exètash par�metroc antimetwpÐzetai wc mia stajer  tim  pou
ja perièqetai   mh sto di�sthma empistosÔnhc. 'Etsi ìtan pragmatopoioÔntai
pollaplèc sugkrÐseic autì pou lamb�nei q¸ra eÐnai èna nèo diwnumikì peÐrama
gia to an h par�metroc eÐnai   den eÐnai entìc tou diast matoc empistosÔnhc.
Opìte kaj¸c to pl joc twn sugkrÐsewn aux�netai, aux�netai kai h pijanìthta
na brejeÐ statistik� shmantik  diafor� metaxÔ dÔo mèswn. Gia peraitèrw èreuna
èqei endiafèron na melethjeÐ h perÐptwsh ìpou merikèc om�dec enwpoioÔntai. Gia
par�deigma se ènan r × c pÐnaka sun�feiac k�poiec grammèc   st lec mporeÐ na
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ekfr�zoun to Ðdio pr�gma kai na apotelèsoun mia om�da.

Mia polÔ shmantik  diapÐstwsh  tan ta gegonìc ìti stic peript¸seic pou jèloume
na elègxoume dÔo deÐgmata apì katanom  Binomial to prìblhma mporoÔse na ek-
frasteÐ sthn morf  enìc dÔo epÐ dÔo pÐnaka kai antÐstrofa.

Gia ton èlegqo anexarthsÐac enìc r × c pÐnaka sun�feiac upojèsame ìti ta
dedomèna twn keli¸n akoloujoÔn poluwnumik  katanom  me ek twn protèrwn
katanom  Dirichlet. Apì thn bibliografÐa gnwrÐzoume ìti up�rqoun kai �lla
deigmatik� montèla gia thn exagwg  sumperasmatologÐac stouc pÐnakec sun�feiac,
ìpwc gia par�deigma o Lindley (1964) [40], qrhsimopoÐhse Binomial kai Multino-

mial katanomèc.
H Altman (1969) [8], pou melèthse thn akrib  Mpeuzian  an�lush enìc 2 × 2

pÐnaka sun�feiac, par gage mia sqèsh an�mesa sthn ek twn ustèrwn pijanìthta
miac arnhtik c sqèshc metaxÔ twn gramm¸n kai twn sthl¸n enìc 2 × 2 pÐnaka
sun�feiac kai thn akrib  pijanìthta tou Fisher ìpwc dÐnetai se up�rqwn pÐ-
nakec elègqou thc upìjeshc anexarthsÐac metaxÔ gramm¸n kai sthl¸n. Akìma
genÐkeuse ta apotelèsmata tou 2 × 2 pÐnaka sun�feiac, gia na exasfalÐsei mia
ek twn ustèrwn pijanìthta ìti èna tuqaÐo Dirichlet di�nusma eÐnai stoqastik�
megalÔtero ap' ìti to �llo. H Altman epÐshc melèthse to odds ratio gia ènan
2 × 2 pÐnaka sun�feiac me mia poluwnumik  katanom  kai mia Dirichlet ek twn
protèrwn katanom , antÐ gia dÔo anex�rthtec Diwnumikèc me Beta ek twn protè-
rwn. Apèkthse thn ek twn ustèrwn pijanìthta ìti to odds ratio eÐnai mikrìtero
thc mon�dac, san èna peperasmèno �jroisma gewmetrik¸n pijanot twn. Qrhsi-
mopoi¸ntac Jeffrey’s ek twn protèrwn katanom , aut  h pijanìthta apodeiknÔe-
tai ìti eÐnai Ðsh me to p-value tou klassikoÔ Fisher exact test k�tw apì mia
sugkekrimènh epilog  ek twn protèrwn katano c.
Oi Gunel & Dickey (1974)[26] analÔoun trÐa epiplèon montèla ìpou

• Sto pr¸to montèlo oi metr seic twn keli¸n akoloujoÔn anex�rthtec Pois-
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son katanomèc.

• Sto deÔtero, dojèntoc ta perij¸reia ajroÐsmata twn seir¸n, oi seirèc eÐnai
anex�rthtec kai h k�je mÐa akoloujeÐ poluwnumik  katanom .

• Sto trÐto, dojèntoc ìla ta perij¸reia sÔnola kai thn mh anexarthsÐa, ta
keli� apì koinoÔ akoloujoÔn upergewmetrik  katanom .

AkoloujoÔn oi Leonard (1975)[37] kai Laird (1978)[36] pou èdwsan mia e-
nallaktik  Mpeuzian  prosèggish, esti�zontac stic paramètrouc tou kore-
smènou loglinear montèlou. Se ènan 2 × 2 pÐnaka sun�feiac h Laird èjese
tic paramètrouc na akoloujoÔn anex�rthth kanonik  N(0, σ2) katanom . H Ðdia
epÐshc prìteine mia empeirik  Mpeuzian  an�lush. EktÐmhse to σ2 brÐskontac thn
tim  pou megistopoieÐ mia prosèggish gia thn perij¸reia katanom  twn metr -
sewn twn kelli¸n, apotim¸ntac ta parathroÔmena dedomèna.
Oi Crook & Good (1980)[17] exètasan ton èleqo anexarthsÐac pin�kwn sun�feiac,
qrhsimopoi¸ntac summetrikèc Dirichlet ek twn protèrwn katanomèc kai mÐxeic
aut¸n. EpÐshc anèptuxan èna posotikì mètro gia to bajmì thc apìdeixhc thc
anexarthsÐac proerqìmeno apì ta perij¸reia sÔnola.
Oi Albert & Gupta (1982)[7] epÐshc qrhsimopoÐhsan meiktèc Dirichlet katanomèc
gia na ektim soun tic paramètrouc twn pin�kwn sun�feiac. O Albert (1997) [6]

genÐkeuse thn Mpeuzian  prosèggish ston èlegqo anexarthsÐac kai ektÐmhse
ta odds ratios upì �llec proupojèseic, epekteÐnontac prohgoÔmenh ergasÐa tou
(Albert, 1996).

Sto deÔtero kef�laio anaferj kame ston endogen  par�gonta Bayes pou prot�-
jhke apì touc Berger & Pericchi (1996)[10]. Oi Casella & Moreno (2002)[13]

par gagan endogeneÐc ek twn protèrwn katanomèc gia ton èlegqo anexarth-
sÐac 2 × 2 pin�kwn sun�feiac upì diaforetik� deigmatik� montèla. EpÐshc en-
dogeneÐc ek twn protèrwn katanomèc qrhsimopoioÔn oi Consonni & La Rocca

(2007)[16]gia na elègxoun thn isìthta dÔo susqetizìmenwn analogi¸n. Krat�ne
mia Dirichlet ek twn protèrwn katanom  gia thn mhdenik  upìjesh (Kateri et

al., 2001) kai jètoun mia endogen  ek twn protèrwn gia thn enallaktik  upìjesh.
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PolloÐ gnwstoÐ statistikoÐ, sumperilambanomènwn twn Lindley kai Agresti [4],

èqoun asqolhjeÐ me thn Mpeuzian  an�lush twn pin�kwn sun�feiac. H ragdaÐa
an�ptuxh thc teqnologÐac èqei suntelèsei sthn almat¸dh di�dosh thc Mpeuzian -
c statistik c, pou suneq¸c kerdÐzei ìlo kai perissìterouc opadoÔc. KleÐnontac
na jumhjoÔme ton D. V. Lindley [41], enìc apì touc basikìterouc idrutèc thc
Mpeuzian c statistik c, o opoÐoc to 1975 se mia ergasÐa tou prìbleye ìti o
21oc ai¸nac ja an kei stouc MpeôzianoÔc statistikoÔc. O Lindley  lpize aut 
h allag  na èrjei nwrÐtera kai sthn ergasÐa tou mac protrèpei na fèroume sÔn-
toma thn allag . 'Allwste h monadik  odìc thc majhmatik c statistik c prèpei
na eÐnai h Mpeuzian  odìc.



Par�rthma Aþ

Katanomèc

Diakritèc Katanomèc

Bernoulli

f(y) = θy(1− θ)n−y 0 < θ < 1 y = 0, 1

E(y) = nθ V ar(y) = nθ(1− θ)

Binomial

f(y) =
(
n
y

)
θy(1− θ)n−y 0 < θ < 1 , n = 1, 2, ... y = 0, 1, ..., n

E(y) = nθ V ar(y) = nθ(1− θ)

Poisson

f(y) = exp[−λ]λ
y

y! λ > 0 y = 0, 1, 2, ...

E(y) = λ V ar(y) = λ
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Bivariate Poisson

f(y1, y2) = e−(λ1+λ2+λ3) λ
y1
1

y1!
λ

y2
2

y2!

∑min(y1,y2)
i=0

(
y1

i

)(
y2

i

)
i!

(
λ3

λ1λ2

)i

λi > 0

Y1 ∼ Poisson(λ1 + λ3) Y2 ∼ Poisson(λ2 + λ3), λ3 = Cov(Y1, Y2)

Multinomial

θθθ = (θ1, . . . , θk) yyy = (y1, . . . , yk)

0 < θi < 1,
∑k

i=1 θi = 1 yi = 0, 1, 2, . . .
∑k

i=1 yi = n

f(yyy|n, θ) = n!∏k
i=1 yi!

∏k
i=1 θyi

i

E(yi) = nθi V ar(yi) = nθi(1− θi) Cov(yi, yj) = −nθiθj

SuneqeÐc Katanomèc

Beta

f(y) = 1
B(α,β)y

a−1(1− y)β−1 α > 0, β > 0 0 < y < 1

E(y) = α
α+β V ar(y) = αβ

(α+β)2(α+β+1)
1

B(α,β) = Γ(α+β)
Γ(α)Γ(β)

Dirichlet

ααα = (α1, . . . , αk) yyy = (yi, . . . , yk)

αi ≥ 0, αo =
∑k

i=1 αi 0 ≤ yi ≤ 1,
∑k

i=1 yi = 1

f(yyy|ααα) = Γ(αo)∏k
i=1 Γ(αi)

∏k
i=1 yαi−1

i
1

Dk(ααα) = Γ(αo)∏k
i=1 Γ(αi)

E(yi) = αi

αo
V ar(yi) = αi(αo−αi)

α2
o(αo+1) Cov(yi, yj) = −αiθiθj
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Gamma

f(y) = 1
θκΓ(κ)y

κ−1 exp[−1
θy] κ > 0, θ > 0 y > 0

E(y) = κθ V ar(y) = κθ2

Normal

f(y) = 1√
2πσ

exp[− (y−µ)2

2σ2 ] µ ∈ <, σ > 0 y ∈ <

E(y) = µ V ar(y) = σ2

Orismìc

H Arq  thc Pijanof�neiac (The Likelihood Principle)

'An xxx kai yyy dÔo deÐgmata t.w. L(θ;xxx) na eÐnai an�logh thc L(θ;yyy) dhlad  up�rqei
c(xxx;yyy) t.w. L(θ;xxx) = c(xxx;yyy)L(θ;yyy) ∀ θ tìte ta sumper�smata pou ja ex�goume
apì ta xxx kai yyy gia to θ ofeÐloun na eÐnai tautìshma.
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Par�rthma Bþ

PerÐlhyh

To 1975 o D.V.Lindley dhmosÐeuse mia ergasÐa sqetik� me to mèllon thc
Statistik c, problèpontac ìti o 21oc ai¸nac ja eÐnai ènac Mpeuzianìc ai¸-
nac [41]. O Lindley polÔ swst� uposthrÐzei ìti h mình kat�llhlh mèjodoc
gia na efarmìsoume statistik  sumperasmatologÐa eÐnai mèsw thc Mpeuzian c
prosèggishc. H Mpeuzian  statistik  den eÐnai apl� mia akìmh teqnik  pou
prostÐjetai sto repertìrio mac, all� eÐnai h mình mèjodoc pou mporeÐ na ex�gei
ègkurh sumperasmatologÐa pou odhgeÐ se swstèc apof�seic. Tèloc epishmaÐnei
ìti h monadik  odìc thc majhmatik c statistik c prèpei na eÐnai h Mpeuzian 
odìc.

H paroÔsa ergasÐa parousi�zei thn Mpeuzian  prosèggish ston èlegqo upo-
jèsewn diakrit¸n kai kathgorik¸n dedomènwn. Sugkekrimèna, to pr¸to ke-
f�laio apoteleÐ mia eisagwg  sthn Mpeuzian  sumperasmatologÐa. To deÔtero
kef�laio mac fèrnei se epaf  me ton orismì tou par�gonta Bayes kai mac
parousi�zei touc elègqouc upojèsewn thc isìthtac miac paramètrou me mia
suskekrimènh tim . 'Elegqoi upojèsewn thc isìthtac dÔo paramètrwn apì exarth-
mèna   anex�rthta deÐgmata exet�zontai sto trÐto kef�laio. Tèloc, to tètarto
kef�laio exet�zei ton èlegqo upìjeshc thc isìthtac paramètrwn apì anex�rth-
ta pollapl� deÐgmata kaj¸c kai ton èlegqo anexarthsÐac enìc r × c pÐnaka
sun�feiac. Epiplèon, ìlec oi statistikèc analÔseic èqoun pragmatopoihjeÐ me
thn qr sh thc R.
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Par�rthma Gþ

Abstract

In 1975 professor Dennis Lindley published a paper about the future of

Statistics in 21th century where he predicted that it would be a Bayesian

century [41]. Bayesian statistics is not just another technique to be added

to our repertoire, but the only method that can provide valid inference that

leads to correct decisions. Finally, he underlined that the Bayesian way is

the only way to mathematical statistics.

The current thesis presents the Bayesian approach on hypothesis testing

for categorical and count data. More specifically, chapter one is an intro-

duction to Bayesian inference. Chapter two brings us in contact with the

definition of Bayes Factor and presents tests on the hypothesis of equality of

one parameter with a specific value. Hypothesis testing of equality of two

parameters of dependent or independent samples are illustrated on the third

chapter. Finally, chapter four examines the hypothesis testing of equality of

more than two parameters of independent samples and the hypothesis test-

ing of independence r× c contigency tables. All the statistical analyses were

performed using R.

Keywords : Bayesian inference, Poisson, Binomial, Bayesian hypothesis tests,

Bayes Factor, power priors, Multinomial, Dirichlet, contigency tables.
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mixture prior, 7
p− value, 18
power prior, 13
target distribution, 63
èlegqoc twn lìgwn pijanof�neiac

(likelihood ratio test), 22
ènjeto (nested), 18
sun�rthsh apìklishc (deviance), 22
yeudopar�gontac Bayes, 22

algìrijmoc (Metropolis), 64
arq  thc pijanof�neiac (Likelihood principle), 19

ek twn protèrwn (prior), 1
ek twn ustèrwn (posterior), 1
ekjetik  oikogèneia, 4
elegqosun�rthsh, 17
empeirik  Mpeuzian  (empirical Bayes), 12
enallaktik  upìjesh, 17

epÐpedh (flat), 8
eterogèneia, 15

fusik  suzug c, 4

gn sia (proper), 9

ierarqikk  montelopoÐhsh (Hierarchical modeling), 12
istorik� dedomèna (historical data), 13

lìgoc twn ek twn ustèrwn sqetik¸n pijanot twn
(posterior odds), 20

lanj�nonta dedomèna, 63

met�-an�lush (meta− analysis), 40
mh gn sia (improper), 8
mh plhroforiak  (non informative), 3
mhdenik  upìjesh, 17

pÐnakac sun�feiac (contigency table), 64, 85
par�gontac Bayes (Bayes Factor), 20, 27, 35, 46, 54, 67,

74, 80, 88
par�metroc akrÐbeiac (precision parameter), 14
perioq  apìrriyhc, 18
plhroforia Fisher, 9
plhroforiak  (informative), 3

sf�lma TÔpou I, 18
sf�lmata TÔpou II, 19
statistikìc èlegqoc, 17
suqetizìmena deÐgmata, 61
susqetizìmena deÐgmata, 64
suzug c (conjugate), 3

trèqonta dedomèna (current data), 13
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